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.. _, ,, _ 'Abstract _ ,,_ _ .._"_

T_is report considers the propagation of electromagnetic waves in a

random medium° _nen the randomness _s caused by the presence"of discrete,
'* ,j

identical scattering objects,embedded in a homogeneous medium_ theproblem

is formulated in terms of multiply scattered fields° Thistype of formula-

tion was first given in 1945 by Foldy, who introduced th£' concept of-the
'i

configurationa! average_ _ Since then much ,work has ,been done.on the subject

w_th valuable contributions from Lax_ 'I_ersky) Waterman, and Truello However_
• P' 0

the treatments have been generally restricted to scalar waves and scatterers ...... •

; r} - •

of small ,size_ The present-investigation extends the work to vector' ,_,

electromagnetic, waves and scatterers of arb!tr,ary_slZeo ,
t. ,'-

,j

The Problem has been formulated using":a self-consistent approach° '; _,

This approach leads to equations governing the expectation val'ue of,the

total field'_'_nd exciting field which ar e quite general and can be used for

scatterers of'_any'shape or size. They are wri,tten in terms of,the sca_:tering
l

,,

properties of a single, 'Isolated Scattere_o • '_

", The problem of scatterii,g by_ spheres has been' consic[ered in detail° "

The rigorous Mie theory ofscatgerlng by_a sphere has been usedo In the,

Born approximation,, which is quite• adequate in the case of weakly r_ndom

medla_ the results show that the distrlbutlon of'scatterers is equi_vaient

'to_-a modified homogeneous medium Where the_refractive index Is a function,

Of the size, density and electromagaetic properties of the spheres° When "'

mult,iple-_scatterlng q_ec%s are,taken into accoUnt, lt is found t_at_,,th_ _

modified medium ban Sustain more than one mode. A dfspersion-relation has

beenoS:t_ined which governs the refractive indices corresponding to these
u
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modes. Fdr normal incidence% each of these modes is linearly polarized" L

with a polarization,_ similar to ,that of the incident wave. '-':.............', i

The results obtained in this investigation reduce to tiiose obtained bY-

other authors when the special case of small spher.es is considered° For

instanee_ the Born approximation results le'ad to the well-known refractive

index of the Rayleigh scattering theory° The basic techniques,developed

in this inves_'igation"can 'be used 'for further studies of scattering by

spheres of arbftrary size and properties., ' ' " "_i!:9

e_ ] " '

,'" ' (!
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i. Intr.oduc't_'on

- - - 7

A random mediula canbe defined as a m_dium _ome properties of which

are. random functions of positionor time or both° Such a definition obj.. ',

vJously includes almost 'all-phYsical media due to its generality° However,

'since only macroscopic.quantities_can be measured experimenta%ly _.n most ,,

casesj we usually assumethat the medium can be treated as"a con_inuumo

"1 SUCh an assumption'requlres _a,microscopic examination for_its,:justifica-

tiono The continuum the0ry has'been successful for ,a.)l'argeclass of '" '_

.physical problems and). due,.to its simplxeity, it_ use is very desirable _..

as'lonff as it kS valid° -There.is _ however_ also a large class._of problems

that cannot be describedby a simple continuum° For example_ the rando_ _ _ o
o,

ness"may be on a..macrosc_pic scale and accessible to measurements'_ 'We.--

.shall_ th_..refoz'e-0al_£rnately define a random medi'um as a medium of which

rapdomness-i,s.g salient feature° Examples "of such ran¢omnessare the ° _

fluctuat_ons in densitg' in the tr.g,posphere and,.the iongsphere due to.

turbulence or other perturbing agencies_ the airpiane structure under- .. _'

U . . ,},,/?, ,[- '_,

random Stresses excited by jet noise, and 0}her..similar phenomenao (,;,
.1%

The study of the propagatig_ of ele0tromagnetic waves in rando_.lmedia.
%%

'" .:is",interestlng both theoretically and fromthe expe_imen%a], point of view° '

.iExp4r.lmentalStudies_have been ffre'_tlystimulate.d by the. fact'.that electro-.
': , u v q..

magnetic waves can be used to study the ,_dium itself° When._he .properties'_ ,_
' '/' s ',>

'of a mediumdo not depart appreciably from" the average._va_ue,..the medlui _

i_ said t0'be _leakly _andomo !_ such cases a_perturba:t_on_ecbnique_,:such '

as ,the well known Born solutloi_) cal'[_sually"be u_,.l_,i_L'+he'0retl_a_:'

• .. .:; 2,_ -','_
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il.i.hvelstigationso If, however_ the properties of the medium are'ailowed .,'1 5_ - '

to'change apprec£ably insome manner_ the perturbation technique is largel.y

useless and"sowe• new approach must be Used° The present investigation I_

goes"from the we_kly random' to the st_0ngly_random media and hence both &_

the erturbation method and the more exact formulation are used° _%_

Thi_ thesis is concerned with the pr_ipagation of electromagnetic waves

in a cOntinuum,in which are embedded randomly positioned_ identicalscat- _,
_1 r r

O

terers _!th simiiar Orientation° The value of the electric fieldfor ;_

a given _onfiguratio_ of scatterers is,not usually of interest° We, are _

_g
more intet_,ested"in the.statistical expectation '0.f,the, f_eld for all the, _

\\ 'i ),

configurations of the ensemble. Thepositions of these scatterers are _

governed by the joint probability density funetio__o It is assumed that - _

the scattering properties 0f'each individual scattere r are known° For a _.

given 'configuration of scatterers _ the total field _t a point is given,

.,, according to,the'self-consistent approach/_by the sun of the incident field
o

and the'fields scattered from allthe scatte_r¢.rSo Th_refore the total field ;_

depends uponthe knowl.ed_e of the exciting, fiOlds at ti_e scattererS° A

similar self-consistent approach can be used to writeequations for the
.!, 4&

exciting field_o In principle, these equations_are.tO be so!_e'd' to get

the total field for a particular Configuration_ The ensemble average, of

the rotel field would then, give the expectatidn value of the tot'ai field_ ,_-

Unfortunately, these equatlons'are'extremely'complicated in practice and

it is impossibi'e tO solye, them direotlyo. We are, t.herefore, forced _0 _

resort to an alternage'route0 _i

The alternate route is to average the equatlonsas they stando _ In ..
t_ ' ' t, U

so, doing_ we ob%aln a system of equations, cThe flrst equation involves

1964008260-010
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the average total field and_the first p_rti-al average of the exci_ing fieido

The first partial average of the exciting field on a scatterer is the

average over all. configurations of all other scatterers w_hi_s._ar_icular

scatterer held fixed. ,The se_jond equation involves the firstpartial

average of the exciting field and the second partial average of the,ex-

citing field_ which is _he average taken with two scatterers held fixed°

'Th_ third equation involves the second partial average and ,the third partial

. ,_

_!,erag;'<r_and so on. Thus_ We get a hierarchy of equations for the partial

'//averages of tt_e exciting fleld_ each'equatlon involving the parti&l average
/

-/

_" of,:one higher order. Since this chain of equations i's not closed _t is _'

_,still impossible to.solve/ unless the chain can be broken,by introducing " '
". L,

valid approximatioas_ The'se,approximatignsand crlterla of t_heir validity

are discussed_by F01dy [1945].,Lax [1951] and Waterman and Truell [1961]o " ,,

Here we approximate the exciting field on a scatterer by the total field

there when that scatterer is removed. It should be noted that this approxi-

mation is still much better than the single scattering approximation°
_j

Using. thls approximation_ the average, e_ci_Ing field equation is,_sed,.
//

and ,beoomesa genuine integral equation which, if solved2 determines the

,: total field° The present investigation generalizes past work in two direc-

tions!, the finite size scattere;s and the vector nature of the field.
/

The formulation is based on the work of Waterman and Truell [1961].

The special 9a_e of Spherlcal scatters is next considered in _etailo

We consider a p_rfectiy random distribution so that the joint probability

distribution is equal to the pr0duct _of the individual probabillties0 ,_

. , ,¢

Furthermore_ we consider a constant density of, say,_ ° scatterers _ ,_

1964008260-011
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per unit_volume confined to-half-space. The eXac_-_solu£ion of scattering N).

of a linearly polarized wave by a-,s_ngle sphere was obtained by:Mie [1908].
r

This is used in first obzaining'expyessions for total average field in fhe

Born approximation. This approximation is essential!y the first Order

iteration of _he dkciting field equatidn in which all scatterers are assumed ,.

to be excited, by the incident field alone. Physically this would be•ex- . g

pected in cases of sparse concentration when the average separation of _
/

-scatterers is large compared to their size-and the wavelengths, #echniques l
are developed to carry out integrations izwolving spherical vector_wave ,, . -i

I
functions. Tile results indicate that %he polariza_ion"of the _ncident :-

J ,, t

fteldis-:.maintained and tha_,'for cases where Born approximation-would |
be'expected to hold_ the medium with scatterers behaves like an equivalent'

homogeneous-medium with a modified propagation cQnstant .... : • .|
,; In s_rongly random media_"the Born approximation is not valid and --

' _ N
,effects Of multiple_sc_ttering_]zave to betaken into account. For thi's _..,

purpose the ,integral,_equatlon.,_• governing the exciting field: is_.,cQnsidered,_. "_ ¢" _1• c

.,/'The geometry_,.ofithe _prpblem suggests that the exclting field, will be- _, ..

!linearly polarized-ha_x_g polarization similar to that"of the incident.

field° We have made use of the "two-exterior"_ormaiism.of Twersky_[i.962aj

|
,, to_obSa_,n a _spersion_relation,"whlch determines t_e Fefractive.index of

" }h9 equivalent medium., Withln_the,framework,qf the"apprdximations mentioned ; |
earller. 9his:-r_lation is vali_ for spheres of arbitrary size andelec%ro-

_,magneti 6 properties (sl_ce all ordeals of ,multipoles in the Mie series' hay4

been_aken into gccoun_) anddfor.al! ordcrs"of scattering° ,•,, " "

The layout of _he thesi_ is as _f011ows A b_ief historical survey ,,

.,. of scattering, problems and,._,ult$ple,scatt4rlng techniques.is given £n," ": ,a,
m

1964008260-012
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Chapter 2, The p)oblem is formulated ifi Chapter 3 and equations governi>ng o

the quantities2of interest are derived. The apprgximations involved are _

% f, ' ".

'-"also discussed. Chapter 4 considers the Born approximationo_ The totai.

field is _erived by integrating the'Mie series° In order not to digress

from the nlafn theme, 'the mathematical techniques developed for use in this _

integration are treated separately in al}appendixo The problem of nlultiple

"'scattering is next..considered in Chapter 5, /% dispersion relation governing
l,

_ _ _ -.

th_ _refractive index of the equivalent medium is deri_edo The'new feature

T _

is,:that, because' of Spatial dispdrsive'_'effect many modes can propagate in
j_

"the equivalent medium° The ex{inct.ion :'.. theorem is show n to _old.trueo

t,

' -' Chapter 6deals with special cases. T_e equlvalence of the Bornap'proxi-

mati0n and the mlllt!Ple scatter_ing approach are: shown for the case of
: - _ t,

'" : Small, perfectly conducting-spheres of sparse concentrationo _.These linl_ting

" _:."i:_T,elSults agr%e wi_h those derived by other authors° The closing Chapter 7

" discusses the conclusions' arrived it-from this research and indicates the

'J directions in which this work is to be extended in the future° '' .,

,) ....

- • ,Q
e = .; - <

.. ,,. .+ ? .

, • q t,
0

' ,2

u ,,, "o , D ,_ )_. ,_ , J

k, _j ,, Z _' , ,,

/ "' i, ,l _ o -? ,_ ,
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,, ,2° HistoricalSurvey

The problem of"wave propagation in a medium containing a distribution/ ....
!

of obstacles., has. been. studied_ extensively., due t.o its practical importanceS: i

The earliest._studies Were concerned w_'th 12ght and. acgustic waves° Max-,

well'S '_ _ _ " '_ ' Iwork in the. nineteenth century led to the identification of light

_" _s a form Of electromagnetic radiation and .laid the found_ti.ons for _he -,

-o ' '_ - _ "/ q_'l'modern approach t'o the _ubjec_o The first work ondist_ibutions of/distinct

objects was _the development of the Lorentz-Lorenz formula in i881 for the I

, , _ {j

refractive index of most substances,-plasmas ' 'excepted ,[Born _and.Wolf., t959]o
• . , /" ,,

. L , - ' : ,5 ] ' _"

This"was loll,owed b_,Lord Raylei_h's classical work in 1899 on scattering |
by random dlstributions_which explained :!_he coio_ of the sky. Scattering

by, single ob3ect s was also-studied ex_ensively followin_'the dev_elopment.

of coordifiate systemsin which Che wave equation is _4para_leo Tge-problem i

of scatteri'ng by aspl_ere waS"solved by Gustav Nie/In 1908 in terms of
,, . /

spherical Vector wave functions° Extellsive com_utation_s for scattering I
by single _ objects.have recently°been carried out at The Universit,y of. -

Michigan usingcomputerso A comprehensive,.review of the. subject_ with

nearly .300 references _ has"been given by,Twersky ['%960]o • o 7 _

_,. In recent years_ statistical methods, have"'come _o play an important".

part in the _study of propagation inTrandom[,med_ao The scintillation Of ,

radii0 signals received f_om radio st"_ars and artiflci_l '_earth satellites __
\>

_ has, addedstl_ulus,, tO .this"stUdyo The statistical properties, of these
,.... .... _-....

signals 'as effe_¢ed by ,the fluctuatlons 0f density and refractive_Ind,eX _I'

7o_[the medlum-have been 'stud_ed by °numerous workers Such as Booke_-[195.6"}_ ,

. • ,, ,, "' b W '_)'

Ii' ,i . ,,. '4 - u' , ';
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Chernov [1960]-_ Keller ["1962] and Yeh [1962].to mention but a few° The _,
r,

same problem can be treated from the point of vlewof a distribution of _

7

discrete-scatterers in a,homogeneeus medium° Regular 3 periodic distribu-,

tions have been studied as boundary vakue problems..using Fourier analysis°
Q

%

This is not feasible for random distributions°

Foldy's work in 1945-was the lf_rst_.systematic treatment ofomultiple

scattering of waves by a random distribution of point isotropic scatterers,0

He used the self-consistent approach to obtain expres_ionsf0r _he expecta-

tion values of the..coherent and incoherent fields° His work was later

_ extended by Lax-[1951, 1952]::to include anisotropic scatterers and.in- o

', elastic Scltteringo Lax also considered the case when the"scatterers are_

partially or. completely orderea'o One of the m/in difficulties in studying ....

x

multi-scatterer pr'oblems lies in the estimation of {he excit_ing field on "

a scatterer which is part of a configuration of"_cattererso Various

approximati0ns made in this connection are."discussed by F0idy and Lax°

In._a comprehensive paper onmuiti_le'scattering_ Waterman _and.Truell_[1961]

have derlved a"criterion for the validity of .these '_approXim_tionso Their ,.

formuiati6n of the prob ....for scalarwaves forms_the ba@is 6fthe for.mulatio_.
U

' .for vector wa_es..used in "the present Wor_ko Multiple scattering by Sparse ° "
,_' o u O

concentrations of small Scatterers has also been treated..by Twersky [1962a_b,c]o

He has introduced"the"two-exterior" formalis_ in.which;the exciting field
u

B

" ind Scattered"field satlsfy different_ wave e_uations_ Some of his results_

have"been-derived as a special case Of the_present work° ,_2,,,, '_
' o % ' ',I

,,_Some experimental models have been built to s'i'mulaterandom distributions _,
u ' ' >" " - 2 I

"" ['t962'of §phere@ of V_rious kinds " Measurgments made, by".Twersky _ ] on _imu _ -<,, O, O

O

._" °lated rare_,gas"agree withhis computati0nSo " ,', " e

_,k' '" ' u
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S0 _Formu!ation of_the problem. _

3oi The Self-Consistent, Field

Let us consider a collection of m identical scatterers of<arbitrary

\

_.size, shape and scatte.ring prO'perties_ distributed randomly in the semi-

infinite.,space' z >_ 6°1 Let. the various configurations of scatterers be

Eoverned..by_the probabilit_y density distributionp.(_rl,_2_oo_)_rm)O Here'

,P(rl, r2,..o,rm) dv I dV2ooodv 'is the probability of finding the first

.:.scattererin the volume dv I centeredo,at .rl_ the second scat_erer_lin dv2 '_

centered at _2 and so erie Since. all scatterers are identical_ .a configura-

, tion is specified by _the scatterer positio.ns,al0neo" Weshg-il place two _.71

• u"

.restrictionson this.distribution:

'-° u •

(i) The scatterers are conflned, to the-right half space° Ther_fore_

P(rl_.r2_,ooo,.r.m) _ 0 whenever _ any position vector.r, lies in the"---3 ,,

° spaC_ z < Oo _ ., ...

(ii)- Interpenetration of.scatterer _ .is excludedo' :_'herefore.)'."

r_oo - 0 whenever any two position.,vectors rj, rk. !

-2 °'£m)

are such- th'at.the-scatterers.eentered at rj and r k wi!l 0verlapo >, ..

"In addi_i0n,' only elastic scattering will •be considered,,- It. is assumed ",,

that thescatterers... are in no"way effected by the.incident fleld.,and, that .,,"'.,,_,,
u , X _ ,'-

!the.m0tloh ofscatter_rs_ if'any_ is toQ slow to-be of.significanqeo ---: '.. . '

Let an electromagnetic,fieldEi(r, tY..be incident_from the left0 '"-

°_lln.the formulati'on_it is not necessary tO have'this restriction° Actually ,." -_

scatterers can be anywhere° To be specific we shall assume they are' restricted

to the_-semi_inflnite" half-space0 ".... _ _ __

1964008260-016
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We shall qonsider only the forced oscillation case with time dependence

-100t , simplicity we shall usually suppress the t,ime dependence--e o For

Our object is to find tlie,,total field at a point ro For the configuration

o0_r we shall denote the total field at r by, E(r_ rl_ r2_ _rm) o

_rl'9r2_° ;--m ' " '" -- °°° "' iClearly_ if r lies in z > 0 _ it may lie outside all scatterers (as at P
+,

jc I

in .Figure i) or it may lie within sQme scatterer at r. (as at P')o However_ .,

'if r lies in z < 0 (as at P")_ it must lie outside all scattererS2o We

shall_ th'erefore} consider the two cases separately° lj
", c;

3_iI Point of Observation Inside the___Scattering_Medium '-

"_ Let E s(r_ rj._ r l_ rg/oo o_rm) denote the scat.tered field at r from the

scatterer at ZJ f0f''_i I-. configuration with th_ first scatterer at rl._ the,-,

second at r9.._2. e'_co .This is gover,_ed, by the exciting field' at the sca_.terer "' "i

"at.,rj_ denoted by"EE(r_,_-J:rl_ _2 _ooo,r m) and by the scattering:,properties

of... the scatte_'er..which we shall denote .by the operator T(_r, ._j)o. This _ I

operato_;'operates.. .; on'theexcitlng field at the scatterer at rj to give

|" the scattered field at _o We thus have ....

"- J' i

E :r j) _E(rj' °: S(r_ rj: r_l, r2, ooo_m ) = T(r.. : rl# .r2_oootr.m). o

|

|v

2F°r " _ ' " i
convenienoe_ we shall not° cous.ider the oase whe_ r lies in. z < 0 but

so_:close to the,,boundary tha't'it may be .within some scatterer which has its

ceh_Jer wlthin z _ , '. , ' """ ' ' i'
2 O0 we s_all_ therefore,_.-restrict P(x_y_z_',to lie outside
--' ",,,, r,, <

the Slab -a < z < a _Here 2a is the effective, dimension of the scat_rers ......

1964008260-018
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In this formulation we' shall assume that_ the Scattering properties., of a ,,

singl e scatterer when isolated, are known.,so that T(r_/(_rj) is known° We

shall denote the total fi'e'ld at r_ when _.r. is inside the scatterer at rj_.
r, ,3

'% 'bY T! (r, irj) EE(__j: zi., ' r2,.o o..o_r,m) and shall ,assume) likewise, that

Tl(r, rj)._ tlie interior_xscattering' operator _ is know,no We shall further
, .)

take T(r_,_rj) =-0 whenever.._r,.isinside the scatterer at rj and Tl(r#._ --_r.]_)-0

whenever r Is outside the, scatterer at r Tl_e total field at r for a

fixed,,configurations.:: . .r_l_riF °o,arm of,;scatterers is._given by the sum of ,_

the incident fi#id ._ (r)'alnd the scattered fields ,from all m scatterers

, ;_

' ,_ E't(.{) + _ T(r, rj) E= :
E(r: rig- r2ooo.;,r.m) = --"< j=l -- _ (rj rl, ,_r2,ooo,_rm), ':

z ,.

f/

,,when r is outside all scatte1'!erso .when'r is inside the'_sca,tterer at '

' u

,rj_ the t6tal_fieli iS giwen _by

' ' EE (rj " ' " _ :"E(r:_rl, Z2, oo.,rm) = Tl(r, rj) _ : rl, '_r2,.._oo,r m)

'- These!two eqqatiOns Can" be com_ined into one by the following device used'

'_ by W_terman and Trueii [196ul.]o _Let us define the symbol a(r_ _k ) as foll'ows: .....

',, i._ G whei} r..is inside the scatterer at r k .
',,',, , ,," a(r_ ir k)_ = - _'
.... ,, i whe' _r

,,'; 'C'-is o'utside_,the scatterer at r k

// . : t_

i

" Us_#ng"_""I./ thi_ 'symbOl, we can write t_),etotal.,field as

',j

_ L
0

k_ L

,"C! ',i,' ',,
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r

m , m m_.(r: r l, _%,.°°,rm) = [3T _Cr,zk)]iEi(r)_.,_ + "Z T_,Zj) _E%: -q' -%'°..°+,Zm)]
k=l j=I

, |
+ _ [I e(r.,rk)][TI(r, rk) EE 1 ' i

- _ -- (_.rk: _r1, r2,°oo,.r m)]
k=l z.

+

(1) " I,p

For a given type of scatterers, the total field cannot be evaluated for• 8
Im

an arbitrary configuration° Therefore., we proceed to take the ensemble

average of the ,.equatl°n governing the total field° The statistical ex- I

pectation+value of the, total "field (henceforth to be termed the average

total :fie'ld) is defined by ,_ I

<__z>= f %' Y% .°° / % p%,-_.,°.°,-_m) E_r:rl, Z_,V°'Z2

'- j : J i

bach integration +is carried out over the whole volume accessible to the

.... |.
'-_ o .

" scatterers'. .We get, from equation (I) ++ ' '- J ',

/

"_ m m.. . Ei i<E<_)>= f'_"l f:av2 /dv p(_rl, r2, o o,_rm)[ ]-T a(r, rk> _r)]
--- " " k=l

m m

_+. - +' k:l :-"7" j:l (r,_rj -- (_.rj :rl,. ° °,_rm).]

+ f dvI f % +++,f dvm+,%.,.._,)[ Z ]{l-.(+,rk)},+ (r, rkiEEek,r + ] ,' -+-m k=l + ""- .... "I_ ++ '-rm)
" U+

.+ (_') ': I

!
, +

, d
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c_

J,

_t

,n

There are three, terms on the right of (2)_ and we shall simplify, these.
n _ r_

Ei (r) _'t_rms one by one° In ,-the first term_ _ _ is independent of scatterer _,

• positions an'd_ therdfore_ can be taken out of the integrattons_' Also_ _',',, o • ,
I}' _%

it has been shown by Waterman and Truell [].961] that_ due to_ the exclusion

of interpenetration_ we can'write

m ,' m _,

p%, k2,.. °,__#._-_, -_2 = p%, s2,oo"Sm_tI- ,_Z {l"- _C__;-_2}]
. k=l k=l

': (3)

. - • ,,

, Therefore.. the first term becomes

m u

_._(r)f_v_y_v_...f% _, r_,°..,_m)I_- _.{1-,(_; S2}_
'_ k=l

Now the joint probabill.ty density can be written as

-' ' m 1-_rk ) - 'dv/ '

pi(r_,_2,...,_m)d_1%_...,d_m=IP(Sk)dVk'llP%,Sr,''',r d_'''dVm_
,_ t3

where P(rl, r2 , °..°,rm:.r k) is the. conditional probability of finding sc-at:terers

at r,,.-1 r2' ° ° °_rm ' given a scatterer at _k o The p_i_e is used to indicate

that r k is..excluded from.rl._ r2_ ....., .__rmo The first term_ therefore,, reduces

I;O _, ,: "_ ,-,

%) f f J" - ,i#! . dvI rival..,a_ip%, _,..... ....
o

"_ •m dVl _ ''- _p .-Et(r)_ '_ /_-Vk P(rk)-' { 1-a(r, rk)}./,_- fdv2 .o °f dv m p(rl,_ r2, °-._°,rm:r k)
k=l o

_' m ,,

_ o ___(s)!_-_-z f dvk_%><_""(S;S2} i _
k=l
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Here we have utilizftd the fact _hat"the joint probabil_ ty density and

the conditional probability density are noxualized to unity ,and_ the.refore_

f / /dv I dv2.,,_°° dvm P(rl__ _2_r oo°.__mr) = 1

" [

j f ,/ ,.... r , r k) = 1and dVl dv2 "- dVm P(rl_ r2) ° °_-m"

- Now the factor. [l-a(r,rk)J' in the remaining integral merely restricts the ,_

domain of integration to that region where r'lifts inside the scatterer,

at.rk° ' Also since all scatterers are identicai_, t_e summation can be

replaced by m times One integral. The single scatterer probability Is .- _

given by

.¢ c v

.. _,P(_r k)
Ir

P(rk_..._

where p(r k) is the' number density of scatterers as a function of position.
'I

So the firsf term of (2) has the final form

":, _-' _0%) _ Ei _ -
"E!(r) [1-m. f.dv k ... ] (r) Ix- fdv' p(r')] (2a)

IIE-rk I '< a [r-_r'l< a _"

where l_r- .r,'l< a indicates.that' the domain of integration is.such-that

'r-lies "inside the scatterer centered at r'o

_ _ |We now consider, the second .term of equation (2),,,,i Using (3) we have :: : -

, j ,'/

,?
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m if :. .° (_rj: rl_ £2' °°°_-rm)

', ,, LL

m m:, .

,, -fdvl,fdV2ooofdvmp%,X2,o--,,Zm)[_ {l-_e,Zk>}][">_r(_,rJ)P%:rl.....,Xm)]
., k=l j =I /

L /)

y% Y 'f , % -.=_ _' ' p(_rj) dVlo0o 'dr m P(ri, o o0_rm_ rj)T(r _"t_E'( "_i' "
j =1 :- ;.

m m

- _' _ f<dvI fd_%°.of _ _dVmP(rrl,r2., ooo,Zm) [ 1-a(_r,Zk) ]T,(_r,Zj")EE (_rj :.r l, .o. ,_rm)
k=l 'j =i "

Now_ in the first part, ".L ""?:?_ ..T.L'.}

dVlo P(rl._Oo¢_r" :r.)T(r_r._E (r. .o v-._-,,.'-°" - -m -j , - -j - -j "rz_ °'-rm)'= T(f, r: _'-:'-_:

• -' 5 _X

where <E "(rj_,.rj)> is the first particl :'averag?'-of the exciting .i'ieLd.on "'_"'_' ,,-'"

the scatterer at rj_"averaged With this s;;._:,;_,ere4_held fixed° "Again_since.. "'C. ,

the scatterers are all. identical_ all terms in the summation.:are eq_aal

and the sum is equal, to m times the single "integral o Puttii.__ .._. _ .

the first part of the above expression b;¢comes '--" - ,_
,.p(r j) = --_

"<:, , //

, , <

-'_ dV',*'p(r') T._r,r'),<E (r_':r')>
n"

] r'r 'l>a ,:_. . , :

where ?;he region_.,OT.integration is limited by-the c<onditiOn that _T_',r') : 0

" whenever r is inside the s'_'attererat'r,o .so .,r'can take only %hose. p,os'Itions ,,

1964008260-023



n

16. I
r_

in which r iS 2°uCslde the scatter.e_, at"r'o The second P&rt,. of2 the, ex- _,,
pression has m terms due to the double summation° " Of these m terms_

m terms involve integrands of the type [l-a(r, rj)l.T(r,:_j)E_E(rj:rl,.ooo,rm) , 'I

and the remaining (m2-m) terms have integrands of the type

i--a(r)rk) IT(r° rj)EE (rj '[, __ :rl_ooo_.rm) with j _ k_ The first type can be
lj ,3 i'

treated as follows:

fdv l fdv2,°ofdv mp(rrl,_r2J.°ojrm)[ : _rl, °-.oo.,_rm)

5% 5 'f '': = p(rj)[ ] .dv 1 dVmP(_rl, r :r )T ,r m)_ _ °° .... '--m--j :rl_ °°°

= :f d_ j P (SJ) [ 1--"(_'SJ) ] " (S_ S j ) <E_ (Sj --: S j )> _I

,,<,

= 0 _ _
L

since, when r is inside the, scatterer at rj> T(r_rj) = 0 and when ,r is" I'

outsidethe scatterer at rj, [l-a(_r,rj)] = 0o For the (m2 - m)terms of

the second type we write-the joint probability density._as below: I

u

" |
_(rl,. r2, ooo_r m) = p(rj), p(_rk: _rj) p(.rl, oOOj._mor• .rj, rk)_

where .the.two primes in the,,lagt £actor indi_pate that r..and r k are to _,,

,bB',:e_ded from rl_ oo o)rmo Then these (m2 - m) .terms. become " 1

lJ
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r

fdv I fdV2o oo/dV m P(_rl,r2, ,rm)[ l-a(r, rk) ]T(_r,_rj)EE(_rj:rI, ,rm)_

= ' ' o_r :r._r, ) of dv.p(r.)f d_kp(r2rj)[1-o.(_r,rk)] fdVl¢o :f dVm[P(rl, o • "--m --j --KS --J -- -- .
(,

T(,r_rj) EE(rj:rl_ooo_r m)]

= fdvj p(rj)f..dVk p(_rk:_rj) [1-a(r, rk)] T(_r,_rji <_EE(rj: _rj_ rk)>

= f dvj p(_rj) f dv k p(_r k _j) .... (_rj: rj,: r T(r, rj) <EE , rk)>

I.rT_jl >a Ir-rkI <a

mrj-rk] > 2a ""7' t)

where Ir-rjl >a indicates that _r should_,,, always be Outside the scatterer

at -lr'v ,(°therwise T(r_rj)__ , =,0)_ Ir-rkl__ < a indicates that _r must be inside

the scatterer at rk (otherwiSe [l-a(r.,rk)] 0) and Irj-rkl >2a indicates

that the scatterer at r. must be outsfde the scatferer at r. (otherwise

• .. -3 p(r.) ' • :rj) =p_r o UsingP(rk:.rj) = 0). Now p(rj) = _--J and p(r k J_

these relations and _the ,fact'that the scatterers are identical_ the con- "

tribution of the (m2-m) terms becomes ,,1

J

, .p(rj). p(_rk: rj) T(rr#rj) <EE(rj "rj., r. )> '(,?-m),f %--_-. f _Vk m-_ - -; -_
I_r-Ejl>a , I_rLrkl< a

" trj-rk[>2 a '+'

: f dv,p(z') f dv"p(_".z,') T(z,z')<E_'(r,:__ _r',_">_
I r-r'l>a Ir-r"l< a "
---- * r'-r"l>2a:.,- '

J ,,

,, o -- ...
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where.. ., _ _r', _r")_., is :.the second partial average Of_-the exciting field : I
on the scatterer at r'_ taken with the scatterers at r'-and r" hel'd fixed.

Combining the contributions o:f tile two parts , the second term of equation (2) |
_, can be.w'ritten as

I

[rr I>'''f dr' p(_r')"T(r,r_)_E E(r _:.r')> _;': I._-_,.a _ _ ...
g, Q _ ,

-, " . _

|' r")> (2b), dr' ,p(_r'): dv" p(_r': Or') T(_r_,_r') :r ,_ ,.,

' Ir-r'l>a [r-r"l<a .: .-

• r_ i. -

IThe third term of equatior (2)can be simplified in a straightforward-

manner _as :follows _ ._ -"

Vf _"f_... (r _ __m {'l_a(r, rk))T!(_r, rk) (rk:ri;r2 ' "'rm) -- I

f.d 1 dr2"-'' dvmoP l'r2'''"rm )[- -_'- - _,-- _ _ m --EE-- -- _-- °"

' u,

J

m, _ k _ (_){ (r)}/ _ " ..... dvmP " t " T I " E( _' ' IZ , v 'p k 1-a irk dvl°_''f (-rl?'""rm:rk) (r'rR)E rk'r-'r-"--I_ *2"'r.--m ):,

m fd ( { ir k)})I k) __E% _' °
= k:l_Z Vk P-k_ ) l-a )r , (r_r : r k)> _

4

t

=. ° f dv _ p(r') T %:.(r_r',) r i:g r;)> '_i" ,, (2c) I

llere the//'domalnof°£ntegratlon 'is limited b_ the fact that both [,.l-a(r,rk)].__
,, ,, ,

TI(r_rk ....al_a "/ _ " _ ' ' ' I

and ) zero,.when r ls outside the '_catSerer at.r. • _:w_.have again

.... • o' ,
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('

p(r k) , -,

used p(r,,.k ) = _m and replaced the sum-by m times'., the_., integral since -
,h

the scatterers are identical°

Putting the-three expressions (2a)_ (2b) and (2c) together we get

the reqtlired expression for the average total fleld

,. ,%
v G

-, :,

_ <__(r)_, = El(r) [i- S: dr' p(_r')l + _:f. dv' o(r,) T(_r,_.r').<EE(r':'r')>

Irri'_'_"_" Ir-r'l>a , -: "' ,

L g

o. f dv' Pe') f dr" -
., r-r ,l_ _ '-_a Ir-_"]<a ,,

., Ir '-r" I>2a . ,:

2

+ f, dv'O(__')TI(b__')<_(r':r')> , (4) ,
0

_, I_r-_r']<a .... " - _ '
J

i

It may, be noted in passing that if there are no scatterers in-the
, . r?_ • ofm

'_ matrix medit_u then (4) reduces to _ .... "

,,as would ]_e expected, 6n- the/other-hand_ 'if,the .nt_aber.-d,en_ItyOf scatterers

" -is so large thlt tb,e entlre right half' space ifs filled with -_scat%erers, _:

' ,, equation (4).shows _hat '£he.incident field is. extinguished_''"Thls is .,

., obecause in 'this case' the-scatterer- density _is constant a_d we. have _u "', .....
O q)

,, ,7'

f Pe P_, f dr; -." . ' 'dr.i, ,): .= . __ Vs_ _, ,,,,...,_:, ,, .

-" r'r' INa D,;..... Ir-r'.l.<a o, " -. °
I( '/ ' '/_

_- " ,, "L<b,,.- D • ,'
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_v

where :v is '.the fractional volume occupied by the-scatterePso When-scat- ,, :-

t_rers ocCupy-the entire right half space., the.fractional occu-pi_d volume

is unity° Therefore_ we have :-

_, _ .: - _El(r)_[i - "/.dw' O(rl)] ":: 0 .: _ " -

.r"l<a

"• d*

This is consistent with the extinction theorem,. Actually the.extinction

theorem holds even when the .fractional_occupied volume is les s than one°

This will be discussed in Chapter 5o = ,_

... 3.12 _Potnt of Observation Outside the Scattering Medium

When' r •lies in the space z < 0" (excluding the edge regiSn as mentioned =

on page..lO-)'_*it is always outside all scatterers _ and %he total field' equa-

°tions can be easily derived as follows: _ ..

= , m •

' El(r) +:._ T(_r,_rj)EZ(r.: ' - )
E(r : rl/ r2, oi°o_rm) j=l -- _--A _rl'_"r2/_°°°'rm -- -

s r
J

,j

'Therefore_ the average value is ....

/

<E(r)>__.*= /dv l._/dv 2ooo dvm p"(ri, _2_r o;o_r m) Ei(r) _ - -

,. - 0 j L[; _ ' \h

r
4_

Ij . _ _ i,||| • . --

:' " + S dVl'[dye"°°SdVmP'(rlrr  "°"' j=l_'T(f"r_)EE(r-''--=J - ':J :rl''°°'-rm_] "" "

= ....El(r)+ _ / dvjp(_rj) / dVl'._, dVmP(_r.l,o.o'o,,rm:"_j)T._,rj)EE(rj :_rl:oO_m) ,, f-'

j=l .... '
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or _,'.

c, . . 2, _

Ir_r,l> a , ;,.. :. ,,-
7, - V

c, . ,,

-,Thisis in .the form of a sum Of the i"cider:t and 'the "re_flected",,fleldso

3_13 "l_e-Exciting Field
r.

The exciting field on a scatterer centered at r I is giv'en by.the -_

self-conslstent equation ', ,. " .

C

,, m"

E i ( ..... . . ,_r m)' .. ooo r".r ,,oo EE(_rl: rl,r2, ,r m) =_ r_) + _ W(£1,rj) EE(rrj: --1'--2

....(6)
f

To get the first partial average when _the scatterer at r I is held fixed,O

• 1)we use p(_r2, r3_ .o°,,rm.. r and integrate:, over all .p°siti°ns except rlo
c

. "We get - ' =:-, /

_ i_f%:_l>>=f.dv2:..fdvm,_,ooo,r.m:rI) _Ei(r1)_ ' . _ '_

q

m ,,

+ fdv2o..:f % P(_r2,;oo,_rm._'Si)[ ._ T(rl,_rj).E.E%: _r-.1,;oo,_rm)] _

I 5

fi f 2 mp(-r " E'= _Ei(_rl)+ Z _v p(r :rI 2,° --m--i-j -i-3- -J;-_ -_m-. _ dv °.o dv o.-o,r:r.,r.)T(r._r.)E (r.:_ .... r )

-? ,

. ...m :, . <

J:P- __ Zl) =.rj)./B : ' " . " "

_2
u ,=

("l:_: i.,,_+ . dv,Oe';"_T%.,S'_<P(_":_" "_,,, <sE )> = _ % , _,-.r _ _....

o .... ,, _. ° I r':__r_'.-_- , >2a_ (7),_ ,.. ....._ _,
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g
We have put _

_, ' ,o(_rj • r I) -,

: p(_rj: Sl ) = _-i
J, #.

and have repla(ied the_.sum"of (m-l) terms by (m-l) times: one. term= The : t'

domain' of .integration_ di_noted by _.rl-_.r"l>2a; is such that the scatterer

at r .is .outside the scat'terer at r'° This, is governed by p(r' :rI) which

iS ze',rO outside this domain due to exclusion Of .intei;penetration° We"

notice from'(7) that' the first _partial a_erage <_E(.rrl: _.rl) _ ' iS' given in -,..

terms ,.ofthe secondpartial., average <E2'(rl _ rl,r')> of th_ exci:ting,f-!eld°..

The second partial average of., say, the exciting field, at r I with scatterers __

at r I and r 2"held fix_d_ is obtained from (6) by multiplYing by ._0 , " ,,

.,P(--ra''°°'rm: rl'r2)dv3 '°''dye, m and integrating. We get: ii, t

' -s,_ , ° "- m

;( )>-_}_ (r 1 _ _ = vS • * Z [E + _T(r.,r. . ] -;" , _-- -- ,. . jr2 -- _" -'J -- --J
I'

,L _

:'_i(r, "fd; °.f dVm P(-rs -_m:--rl'r2)T(rl'r2) EE ...." &-rm)= _ + .... r (Z_:'Z{;''_ "

'"'"' " (rl,rj)EE(rjm ,,f ......f : ,%.,.r :r ':r:)r )T :Zi.,°Zm) _-,,.+m dvjp(rj :rl')._2) dv3° " -dVmP -m _-1"-2 -j ....
j=3 ......... .

12

- - . ._ .- 2)>'i(r t:Cl_r2 E, rl_ r "" " '_= _ i) + T , _ tr2: -- -- ' ' '2" 1" _$ ''

• , \ \ kx . l _,-

m p(rj: zl,r 2) " _ <EE(_j: o_,,, + Z ,f.dyj -" " 'T )" :
j=3" " ' m'_2 (-r_l' j r1'r2'zJ)o ' '' '_

, o

i_E%.rl, r2)>::Ei(_i'),T<_.,_)<E(_k:_':;_)>+[dv'o(_',:q'__)T('_,'')<EE(_.g)_:
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Thus the second-partial average ms given by.; an equa.tid._ _' involving the :.
,; '..

rl " -

third partiai average° It is obvious that this procedure can be repeated
t"

to get higher partial averages o,r_.d:we Ultimately get m equations, The '
7, _'-

last one, in fact, will be the exciting field .equation for a-<fixed con- _.
t_

figuration which is _he average of equation (6)>itself° ".

/ "An alternate approach to the problem is the use of iteration tech-i

nique'_. This technique is especially useful if+the medium is _/eakly random°

Equation (B) can be written in terms of successive orders of. scatterlng
J ..

bY repeated iteratiens as,,below: "

O ' ,' L>

m -

-: ,-EE(_ri__rl,r2,'°o,r m) = Ei(r 1) + _ T(rl,r j) Etirj) , :.
j=2, .,

L.

a m m

+z T(q,rj)'i Z' T(ri,ri>
'-' j=2 ... k=l - - _, •

m m m - ', ..

,, o ,.j =2 k=l:

' (9)

If either (6) _ or. (9)' could be •solved, the.result could be substituted in

the equat ion_. for_tHe (m-l)st partiai avera_ge and_ ,hop_,fu!lY_we cou'l_d,,..

<.._ solve that equationo _By success,lye sO."'utlonsand,__ubstitutionswe_could _

_' _l'timately solve th'e equation for 'the first partial .average, In practice .,

' this iS impossible due to the large number of sca_tterers involved: in mul-

tiple' _scattering s<i.tuations_ Some approxlmations a,re_ therefo're_"_necessary0 ,,
c , ,.,
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3@2 Approximations' in Multiple Scattering,. , _ ": "' : '_ I
._ 'In order to formulate the_many-body scatter'ing problem in_a form that

' |can be solv_ed for specific cases_we have to consider some approximations, .= .,

One approach is-to look at multiple scattering from the point..bf-

view.of successi.ve 6rders of scattering as expresse d in equation (9')o.,
Q ",

The first .approximation'would be to consider tile first term alone and I
4' : C I

replace the exciting field by the incident field itself° This_is called,.,. -,.

the.'Born,,,approximationo,..,It has been_used in Chapter-4_,to solve the problem _ :'I

when the,scatterers are s_herlcal inshape. This approximation is good

enough, when the average separation,of scatterers i's large compared to. " .

theie size_, Inuthe second approximation , each scatterer would be _xcited "_:. I
by"theincldent, field plus. the once-scattered f_ieldo Such successive ,",

i

' |approximations can be .made to get results to any -desired accuracy if one,
u

can evaluate the integrals involvedo In the case of spheres it has not ' :'

been possible to evaluate the In_egrais involved in the second approximation° " I

U

Another approach is to consider the exciting field at a scatterer at '--
D o

r. in a given configuration asan expansion in which the first term is --

the total field at'r. when this?scatterer is not_ there (that is_ in a

configuration of (m-l) scatterers). The second andhigher terms then ,.
u

• include th_ rescatterifig o_ the field scattered from,this scatterer when

it _S..PUt back/in the cOnfigurationo Thu_. we have -." , '

' - ' " im ) E (rj _ ' :,_m ) _ _"_EE%:r_,°o,, : _ _ _rl,r2, ?.

-: m' , , ,%

"'¢r j { W e" I }
., + N': _ ,rk) k{Zj ) E(rjlrl_r2_ o oo_rm)•": k=l -- " '

/,

o , _,_, ° . ,,... , (lo)
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The approximation consists in neglecting the.second and higher,.terms on

.th"eright hand side° Fordense' systems in which multiple scattering effects

&re most Importaht) this is a much b'etter approx_mation than the. Born

approximation._'A comparison of the r_agnitude of the second term with'that

of the first has been madeby Waterman and Trugll [1961] by congidering

point scatterers and scalar waveso' They have developed a criterion accord _
r, _ o

ing, to which the second term is much smal_er than the first if .,

" 0°%_ < < I

"',

's ,-

where Do is the n_mber density of scatterers (assumed c6nstant)_ Qs is

the scattering cross se_tionof a single scatterer and k is the propaga-

tion constant_of--thg mediumi-±n-whleh_he_scat_erer-s"are located. This

• o •

criterion is shown t'o be quite,generaily valid,2or most physical situa-

tionso ,, "
• j;

A third approach is to consider the hierarchy of equations for partlal

averages of,which'equationS (7) and (8) for <E_E(r I :rl) _ and <EE(rl_ _ :rl,r2)>

are the firsttWOo The approximation consists in breaking the.hierarchy

,at some point_ that is/ taking, :_ , "
Jo

u. E ' ,ri,rj)> <EE o_ri)>,, .. _ (_rI _l,_r2 ,oo0 = _ (_ri:ri,r2,,,.

-_or some i andjo If we break the.hlerarchy at the first equation itself .,

then we have ,

_ _ • - (n) '<EE (rl °ri'r2)> 2,.' -'

i
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This approximation has been discdssed by'Lax [1952] and is designated as'

the_"quasi-crystalline" approximation-_ ,since, in the':case of crystals_ it

hold_s exactlyo ,He has shown that .it is a very-good approximation in the

case of 'dense systems where multiple scattering effects are most important°
r_

It is equivalent to neglecting the fluctuations in the exciting fie_id at

r 1 due to the, fluctuation of the scatterer at _r2 about' its mean position. -

We shall use the ,last two, approaches to simplify our equations."

,.' ,

r, J',

" 3.3 Ap__2roximate. Equations _-

Let Us approximate the exciting field at the scatterer at r I by /,the' ,,

total _fleld at r i when t'he scatterer at r I is _emoved from the confil_ura- '.

tiono We g_t : _ " "' _ '/

EE(rl : _ , __rm) 'r_rg_ooo_r ) = E(rl: r -r _o.0 ,," ,, _. _ ...... _,,, -- -- --2'--3

t_- - - ..

Ei (rl) m EE , '= _ _ + _ T(rl,rj) _ (_rj: £2, o..,Z m) '
j=2 ' --

",5"

Multiply.ing,b0th., sides,by p(_r2_r3_o..,rm: r I) dv2° o.dv_.,.and integrating
/

• ,_; .,', ,

we get ';' _ ,

, j
,I

. . <EE(rl:ri)>__ =_Ei.(rl)_._.. +Zj=2. /dv2°° .dv. m.P_(-r2' . °o,r_m.__i:r.)T(.rj,r.)EE_i.-j - (rj :_r2, o;,!..,rm ).

Now let us writ_

. $ _..

• "" :Zl) = P%. P '-oo,ZmoZ,j) ....p(_r2, oo o,r m :rl) . (.-_2' °

<2

' <0

-, - p(rj:rl)[P(r2, o.j, rm'r j) P(_r2, ooo,rm:rj,.rl)]
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Using this expression we get

<EE(rl:rl)>' = Ei(rl )
,4

+ _m [fdvjp(_rj-:rl) f.dv 2_.-' fdvmP(r 2. °._'.rrfl:r_j)T(r,,rj)EE(rj__.... :r2,.oO,_m )] - Rj=2 " ,
J,

___ -- -- ) + ,_ [... dv j p(_rj:_rl) T(rl,_r.i ). _j:rj)>m_l] k R .-
'j

c , '

= _Ei(r,i) +, f dv' D(_r':r I) T(rl, r')_',_ - <EE(r':r')>m-i - P"
k

° • i Z-Z'l>2 "

Here th'd.notation <EE(r':r')>m. 1 indicates the first partiai-average of

the exciting field at r'whe n the scatterer at r' is.held fixed_ taken.

over the ensemble of configurations of (m-l) scattererS'o Obviously i.f

• "'_ <E E (r _ )>m_l <E E (rthe number of scatterers is very large_ _ -- : .r' _.__ ':r')>.

The term R is given by
, ,j

'-J m

'_ - .j=2
J

, p.  :i'o,rm)_o p . 3) ,-- (r2, o. ,r :r. )]T(rl, r (_rj:r2,°' "-m-j'rl " -- - .,.-
c

,[ ,"

In the case of perfectly random distributions,_ the scatterers.-_re s_atistlcally

independent and , ,_,

" p(rl,r2,_0,_rm)o _= P(rl) "P(r2)ooop(rm)_
,j , ,

v

H

!,
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In this case o " "'" [

[P(r2'.°';"--rm:rj).- P(--r2'°°°'r''-m:r:"r")]--i--I' = 0 - .. [

,>

and, therefore, R = 0° Also.; p(_r':rI) = P(_'i'° "The .domain of integration

takes care of',the exclusion of .interpenetration° So,' for the..base when

the number of scatterers is very large s'_d the distribution is statistically
J.

_J

independent we have , _

O o [

" <EE(r:r)> = E_(r) +" f dv',p(r') T(r,r') <EE(r':r')> (13) , _.,

. ,I r-r'[>2a :., ., ,
i'I _

A comparison with equation (7) shows that for statistically indepenSent /

.scatterers, the approximation : - '

,c

,>

is equivalent to the "u_-_-_ ....._+_i__.._.__n_" approximation . = '' ._.

,, <E E(rI "E [
- -- "--rl,r_> '_ <!! (rl"-rl)>

We shall now use this,approximation to si_mplify the total field equation, i

When '_the point of observation is in the region _ 0 the ._verage total

field is given by equation (4) which,' with the above approximations, becomes_ _

<_E(z>>. f f. f
Iz-_r_l<a .. _l_r-r'l>a Ir-r"l<a "

'_ / --,- .... I¥_7"I>2a
", , r, . i

"+ f-dv, /,)(Z,) TI(r,z ,) <EE(r':Z')> " ,, .

Ir-r '1<a : ..... " ,
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in the second term we have put _,

f dv' p_,) f""av".p(z":y.,> .T(_,_,) <EE(r:r',__")>.
I__'£'l>a ir-_"i<a

I-rCr"l>ea ,_

]

t r_-r '1>a ' Ir-r"l <a :
,, l_r'o r"l>Za '

We note that except for the case When r' is near r_ .lil/e " "r -integration '/:,

can b_ carr'ied out over the domain ir-r"I<a si.rice no _chance' of overlapping

Of the m scatterers at._r' add ..r"W'll..! arise, Since the.r'-integration: _ils

" Over the entire half-space such that r is outside the scatterer at r"and

the r -lnteg._atlon is over "a small volume of the size of a single scatterer

such that r is always within the scatterer at r '_. _ _ _ no significant error

_ill b_' -_Involved in repiaclng

©

1,

_dv" (_") _.... . _,
-' I r-r" I<a .:!.

I'r Or'l> Za - _,
tj 4

by
, Q

,, f dv"
.E-_r,<a".. ,,

I %' f,/

Then, the average total field at a' pol_% in 'the space z > 0 becomeS,.. .
J ,_/

rJ _,

/,
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" |<__(_.)>= rl2 f dr' p(z,)][_,i(r)"+__ f dr' p¢')T(r,r')>_g(r':r')>]___
[r-_r' <a Lr-_r '[ >a

,+ f dr, /9(r') TI(_r,r ') <EE(r ' :r')> (14) _,

r'rl t,,, I__ t<a
0

When "the rpoint of observation is in the space z < O, the average total ,'

.field.is given by equation (5), "

We now have a complete formulation for the a_verage total field .both

when the point, of observation, is inside.,the region z.>= 0 to which, the
scatterers are confined_ _.and when it is Outside this region. The total "

.,,"field is given in .terms,.of..the operators T(r,r') and TI(_r_r') and.the _,

':' first partial average of the exciting field,, We shall now proceed to solve

the problem for'the case' of spherical scatterers in the following chapters_

For reference purposes_ we recapitu_.ate 'the relevant equations below.:

' I£j'r' I<a Ir-r' I>a

i

)

f dv,p(_t:)Ti(r_r ' <N Eq" ) (r':r')> wllen r lies in z > 0

., IK-r'l <a
, (14) '

<E(_r)>_ = El(r) + f dv'p(r_') T(_r,r') <EE(r':r')> when r lies in z < 0 ,_

Ir-£' >a ,_ '

.... ,. (5) t

where _the exciting field in any, region satisfies the equation

m
<EE(r:r)> = El(r) + f dv'p(r'),T(r_r') <EE(r'.:r')> (13)
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_ 4o Single Scattering by Spherical Scatterers

4ol The Average Total Field Equation

It has been indicated earlier that we can"evaluate the total field

to any desired degree of accuracy by considering successive orders of

scattering° Mathematical difficulties_ however_ make it impossible to

obtain exact expressions for the total field even for the first order

scattering for any but the simplest geometrical shapes of scatterers°
1/

In this chapter we'shall consider scattering by s'pl_eres and shall con-

Sider the first order-scatterlng_onlyo ,This is"called the' Born

approximation and consists in replacing the exciting ifield _E(r:r)> by

Ei(r) on the right-hand side of equation (13). Let the incident wave

be a lineariy polarized plane wave_ incident normally , given by

Ei (9) = i e o
_ X

We shall consider the number density of spheres to be constant so that

D(_r') = /90 for z >= 0 and D(r')_ = 0 for._z < 0o The average total field

at r(x,y_z) is_ therefore_ given by equations (14) and (5)which_ for
L)

this case, can be written as _

<_E(_)>: [l-0o f dv'][E_(r)-- +0o ,[av;T(r,r')_,_--Ei(r_)]-
Ir"r'l <a ir-r'l>a

z j >"0 z' > 0

+ DO / dr' T!(r,r') _Ei_(r')_ for z > a (15)

I_r-r'l<a
z'>O

L)
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and ....
• ,, t

<-E<D> -Ei(r>-+Po f dr" -a (16>.
z"> 0 ,'

"- _ "

Ei(r)where a is the radius of the-spheres. Since: is a known quantity_ "
i

, , ?

we need to know T(_r,r') El(r"), which is the scattered field-'at r from ".

.a scatterer at r'. excited by E1(r_')_ and TI.(r,r').Ei(r'), Which is thle :_ ... _.

. , Ei, Crflel.d at g p_nt"_ inside a scatterer at-r' exci,ted by ')_ .Knowing

these"expressions , we Can attempt to carry-out the integration and ,:,get .

" <E(r)>o First of all, therefore, we need to study the scattering properties -_
t

of an isolated sphe_re. - "_ _;..-

u

_4o2 Scattering ofVeet0r Waves, by an Isolated. Sphere ,_/J :

The" problem of seat,feting of.'a lineari_ polarized ,wave by_a spher e
q_ i

is solved in terms of,an infinite series_ usually called_the Mie ser,_es ", ..
; ""' u "_5 ) ' _'

• • ,f<. - . ', 111. g

-: after Gustav M1e_ wh solved thls pr_m in 1908 _One seeks a

solut_ion of tile_,,_or wsgce equation/, -j" "

" ._" , . , _ ' . " '4 -_

_/___"i which wll:i Satis}y the bounaary cOndit-ions on the 2st_rface of the sphere. " -_ ': _

.,,',;_I_ is fbund that solut_ions Of the vect-orLwave-equation can be"generated "
t

_, _ from the solution of-t',_ scalar wave equation ,_ _-

V _ ....
, al & ,,

.In_spheric@l c6ordinates, the solu.tions ofthe scalar wave equatiom a_re/

f form..: 0 the / ., ,.... ,'
4
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r.

=
mnr_

CV

r c

and -- "" - _' ;-,

_'3 (_.): cos= _. (mO) (C6s e)' h( )e sin .- n
,, ;, t . =C4" ;' "

•where n = O_ 1, 2_o..1 m = O, 1,..._n; cos 9) is the associated L_gendre
,. L =_

./

Polynomial; Jn(kr).is the spherical Bessel function of order n andh(1)(kr) "_
n

is the-spherical Hankei function of the first kind of order n._'- In " ","
o

' ' this work Hankel functions of the first kind alone _ill be used° Hence

._ w% shall drop the superscript for convenience and wri-te hn(kr), instead of

h(1)(kr)_ throughout o The spherical Dessel functions are. used inside the "_'

Sphere including the o_rigin,' and the spheri_al_ Hank_l functions outslde

the sphe-re--(s-lncethey are regular at infinity and have a pole at the _
'v. " -- O

origin). The Vectors ....
,j ,' . ,

: ,)

l(r) = _V_(_I;.m(r) = VX-[r'_(r)] and n(_r) = _ VX m(r) . e. _

o

satisfy"the vector wave equation. _since the ielectric and maggetic fiel_ds _,"
" u

_are solenoidal (i.e,,_ their divergence is"zero)'-on!y _t_e functions m(_). _ i'_-

" and -_n(r)--are usedo JAs shown _in Stratton [1943]_ '_the incideht wave. can be _

expressed-in .te_ms of the spherical vector _ave functions "'

. , > -

'" m1'3 (-r) .= V'× T_/e..(r)] = . [V ,3 ( :] X r /- " _

_ "0 m_%_ 0 _III', -_ mn u- .,_ . 7".... ,,

' 3Definitions and notatio_ns he<e foliow thOse-given by Mor,_e a_d'Feshblach :,

_,,, L
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J

and- -' _ . o,

--nl'3G')-- - _ _Vx --etulsa' .__(1') _ "-
-_ -" e,- mn

l&ll .0
" , 0 _. "_. L

fOllo_w ; -- "as S : -, ; :

A ikz co .n-(2n+l) 1 (r,k)-. 1 ""Eifr) = i e = _ _. _ [_reel n _ _ ln(_r,k)] (17):. -- - x ,,--"=I l

where ./'

,:," .'z'-

', ,-' 2" ."

2,

The scattered field outside a sphere centered a,,t the origi_ is given-by-..

CO .... , ,,

(r) .= _ l [an (_r,k).- i bs - ""-,,.- " -- _ _'" n(n+l) m In n n i_ ],,.r > a•L=_ ,,
.-- =;

:" (18)
'J

and-the field• inside the sphere_ the "tr_nsmltted" fieid_ is given by

Et(r) ,-_ _in (2n+l) t 1° s _ " _ el_ (r.ks)= - n _ ] r<a .....
- - n=l n(n+l) [an m l:n(_r_k) ,i btn_ i .-- - '

- (19) -
C,

The 2coeff_.cients s ,.s "t .bt _ ' -fa _ b '.,a and are determined from the boundary'_con -
, n" ,._ n n . ,. - -'

"ditions which requir_-continuity, of the E- and _H- fieids.,_across..the,.::._urface' o
., ,, ,,

of the sphere. For _asphere-of radiUso'a, propagation constant ks, per- '.,

' meabillty_ _s and dielectric constant es embedded in. a-medlum .of constants

k, I-b"_nd _, these coefficients are given bY ' _

,3- u , ' '.9 ,5 o -'

,, ,, , ,, . • , _ _! _ -

% _, ,, _ /i u: o X ' /

I
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f

+ "+: _sJn(Ns_ )[_L.jn(_) ]' - _jn([_)[ Ns[_Jn(Ns[_) ]' ++
aS _+- + +.

,. _' n : i_sJn(Ns-_[ghn(g)] , _ I_n(_)[Ns._Jn(Nsg)]T (20a) -
%

b s = I_sJn([_)[Ns_Jr_(Ns[_)]' p/_..Jn(Ns[_I[[_Jn ([_)]'_ _.nh_, -

n- " _j -.I_shn(_.)[ Ns_Jn(Ns_) )' - _N_.. n(Ns_)[ _hn(_) ]'

. _

Q : . •

t '-'hn(_) [ [_jn(_) ]' - jn([_)[ [_hn([ _) ] '
.:a = Fs (20c)_' n e

,. • |

s n s

: bt in(_)[ _J_n(_) ]*'- Jn (_)[_Cflan(_)]'! = (20¢) "=, _sNs ....

-n . _Ns2Jn(Ns_).[._hniJ,shn (_) [ Ns_Jn-(Ns_) ]_'- (_) ]' _. .,
Y

The notation used here iska..=.,_ and k = N k. and the primes indicate :". '
-- S, S ,-

differentiation with_respect to the appropriate argument° -

4.3 Integration of the Mie Series'

.. The equations (17)_(19)_ giving "the incident_ scattered and t'ransmltted -.'
_, _ - ©

fields_ are true When the sphere is' centered at the origin of cooz_din_ateSo,_
o

We 'are interested in the' fields at an" arbitrary.point r when the sphere _-

.> •

" iscentered_at another arbitrary .point r'o Therefore, We use Various " ..... ,

u . .

'_c'0,Srdlnateaxes as shown in Figure 2 ,_o , ,_,

The original coor_Inate _.ystem ('x_y,z)'_iscentered".at the origin O. / _'_ .._

• , ,_ .%

lr' In _additi0n,'-let.the coordinate' systems (Xl, Y_,Z.l) ,wLthorigin_ .,at,S (the. , '_

,_ .center of the scatterer) and '(x2:,Y2#Z2_ with 0rigi_?at-:P .(the point of ,,,_-

,-dbservation) be rigid translations of the original _' co5'rdinate systgm° • .

"_,,,'The coordin/.tes of a. Point with_resp_et tO the origin S will have subscript _ _"

1964008260-043



1964008260-044



. t, . .

r, _,

0

": 87

i (e.g° Xl, Yl,.Zl, or ri,_ I) and those with respect to• the origin P, 0

will havesubscript 2. No subscripts are usdd when referring to the 0rig-

inal system centered a% 0. : ",

.. We can now express the incidefit field as o '. ....:"
0,• ,_j

^ _ikz ^ ik(z'+zl)
E i "r (r) = i e = i 'e ,

' - X X ' ,;

"= -:e ._ in (2n+l)

n=l n(n+l)"[n k).-i2 in l,k)] ""_2 "" ' J

w

" He-e'"eikzr ' " "is _ phase factor which depends upon tile position _Of the scatterer.

The scattered and transmittedfi@ids .,arenosy given_by _ "

j _ ',', j

= ' ikz' oo, 80 , ,
•n (2n+l) s 'b s 3 'J _ "

T(r,r') --.Ei(r'),_ =: e _ l" n(n+l).[an m in(r.l,k) -i n -neln(rl'k)]--
n=l ,,

• - ikz' oo n. (2n+l) [ati'..m! (r.,ks) -i bt :nelln(_rl, ks)] 'TI(r,r'),El(r ') = e Z i _. n--oln--s .n=l

as._bs at_and bt " ;are givef_ by.,equation (20) ";• .Substituting °The Coefficients ,.n_..n,_ n n

these results in.eqOatio.ns _(i5)'and (16') the average tota_l field is givefi by _

' 'A ikz > _ .... ,, ""

l-v s i. e._., 0 <g(r)>__,- = ( ) x ., "

i_ • c,
'' "u • "- t

_+ (l_V,)Po 'f dv' ei"kz'['. _' i n (2ni:l)ts 3 " . . _ b_ne31n(rl)}]",' .n=l", I an',.moYntrl)-m,n
° _ l>a,
•., :,,' . z' > 0 . - ,-;;';

• . ,,j J

... o'i ' dr' n'=i'"Z "in".0 n(n �p�""an{''m0!nl '_(_I_':' o n In(rl 'ks) }].- " °
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when_ z > a 3 and by,, " ' '_: "' • I

^ ikz . _ oo S . s 3 "' I-<E_(_)>= ixe + Po f dv' eikZ'[ _ in (2n+!) {a:
' n=l n (n+l) _oln (--r1)- _bn_ne in (-rl))_o ] '

z'2 .0

- ,. (22) . I

4 3 fwhen z <_-a. Here v s =_Po 3 '_ a = Po dv' = fractional volume

]r-rel<a--- = I

occupied by the scatterers. " ,_ '" I"

_4'_3"I Transformation of Coordinates , :

In order.,to carrv cut the integrations over r' involved in equations

(21) and (22)_ we,have to carry out translations of the vector wave function' !
"m(_l ), n(_rI) so as to express them as functions of _ and _'., Considerable

work hasbeen done on the translation ofspherical vector wave functions,

, ' 0

The resulting additiontheorems are expressed, in terms_ of..triple Inf2nite ,,

-. series involving_.very complicated cbeffiCients (for instance_ see"Cruzan _-

[@962])'.' We •shall_ avoid the use Of this, prodedure and_ instead),_ Use the I

following.simple and _legant technique, ,.

" 'The_variab£e of integration is the scatterer center S_ The point of |
c

'bbservatfon,P is a.fixed point in _he thtegration. The restrictions__= : -_m

|
' "]_-_',> a'and_l_-_'i< ,a on the domain of.integratlon merely reStrict S., -

'to be. oUtside., or._ inside.a_ sphere-oT _adius.a, centered.:_ • at P, _.S° _e trans' _,_. -" I

_brmthe variouS'_functions ih th? lnteg_and to a doord_nate system with

origin a_.P; ,.The relevant vector relations and the Corresponding relations I"

_i_ terms of"Ca_tesian and spherical polar coordinates are' _: _ ,,, "---'am

|, _ +

iI

q

ir_ H
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,% m

" 39.c

' -- - • = _ Z 2rz' =' r +r2 ; z' . z'

', " C

Q

' o

r I = --r 2 ; rI = r2 , 01 = 7/.- 02 _ 41 = _2.- _

D

Using these relations it c_n easily be shown that _-
• " 0

" ikz2 "ikz ' .ikz
e = e e "

c,

' _ "c

- -n 1,3.
.. l_3,r k) = (-I) mo.in(r2,k)moln_l_ -..- _

),_+i" .l,3. k) = (-1 nl_ 3(r^, k)
neln_--rl_ exn --z

, ,> -.

substituting these' relations in eq_lations (21) an,d(22)_ We get

<E = . e ,-'. _
-- _. S X ' 'J • "

f s3". / :"ikz in (2n+l) s (r2)+i bf_neln_2)}:] '+ (l-vs) /90 e dv2e _ (-i -"
:_ ' ' .n=l .. 'n(n+l) an _m !,.- ' ,,

r2 >a , "
L) "A-' :

>-Z , _,
.... Z 2 = - _, ', ,

J

i.

.... " ikz ].+ Poe dv 2 e Z (-l) n (2n+1)._ 6t n n(_r2,ks) '] '
- . n=l _- n--.oln--z-.s '-' n

"., r2< a ' "- ,,u

"" '_ o (23) " _'

for the region z>.a, and '/ ° .-._
o

.... ikz. V2e .. -(2n+l).( s moln_(r2)+ib n lh(r2): ..<E(r)>__ _"x _'4poe ._. " d 2[.,,,,=,Z(-i " n(n-_-_.l_n -_ .. .. ' ,_, .-./.......
".. ., .._ Z2 -.-_'_'= _ _' ..- .. .,,_ . _,_ ."

,. .- . _ .._ ..:_..... (24) ".

.'for'z..<.' a,. The reg_ons of integration are shown in Figure 3, ,. .c... .,.... ,._ _• ,,,'
q
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,, 0[ 1Z2 :- Z

,)

" (o) r_> a, z_,>-z ; z>a
,j

,, k (b) rz<o /

, jL '-, .'

_ FigUre 3. The domains b_ in_;egration (shaded region), ,
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4,JS2 Expansion of the Integrands

" The infinite series in the integrands are uniformly convergent in

the domains o'f'integration, The integration and summation can_ therefore_ ._.

be interchanged° The expansions of the spherical vector wave functions
O

in terms of the Cartesian components can be e&sily obtained from tile

m1_3 2) and-n 113 2)defining equations, For the .functions _oln(_r (_r , these ex-o

panslons-are given by, (see Morse and Feshbach [1953]) ,,, _.

" ^ n( 41)Pnzn+,,l..2_ _-_.. ^ ;i ' ^ml'_S(ri'k)' = ix[ 2 _ z cos ,-z_k J+i [-_P2z sif::_2O2]+iz[-Plz'cos _:2]-oln,-z z n n z y z n n n n .,

..... (_.5)
and

c / / ej

/,_rn(n+l_____!), (n+l) cos 2_2 2 " 2 }
-nl'8(r"-elu -2' k). = ,mxt_2n+l).2(Zn-l+Zn+l-){n 2 (Pn-l'Pn+l )- 2 (P*i_-l-Pn+l)

,, n(n+l) . .[n+l. "n_l n(n+l) " n "+- 2 -
(2n+l) n_l _, Zn+l) 2 ._.-'_n--Pn-i + .

cos 2 4P2

• . n- 1 :+. Pn+l ) ]
J

+ iy[__ (_'n-i+ _'n+l! _2 (Pn-l""Pn+l) _ ., "_

'+ n(n+l) (_n n-_l n-1,, (2n+xY2 o-O

+ _ L.7,,._ (Zn.1 +, cos (n n n+l _'

P ,q ,,' ,

U

(2n+i)2 ' n-I ,Zn+l) ,_ n " n-i

h

,31

Y
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Here z stands for Jn when the superscript is 1 and for h when the super- '!-, n " " n

, script is 3. AI1 associat_ed Legendre polynomials, _ave the argument (cos 02) E
and Zn,"has the argument (kr2)°

The domains ofintegrat'ion exhibit a symmetry about the z2-axis and since

27r 2W

d _2 sin m _2 = d _2 cos m --= 0 _ m = i_ 2_ °°° ,
o 6. '_ ,, "

,J
q,

the only non-vanishing terms will _be those which have integrands independent

A
,, and

of _2" An exami.nation of equations (25) and .(26) shows that the iy.

_ comi'Jonents .,willhave zero contrlbu_iono In fac*:_ in view of thesez

'conside/,ations_,_equations (23) and (24) reduce to _' _

'_ <E(r).> = (1-V s) _" e ikz "

A ikz oo • ikz2[+ (1-vs) ,ix_ "0oz (-i)n_. f % e (2n 0�0�a_P(cos%)hn(kr2)
_n=l r 2 >a

.- _ z 2 >-z_

+ :_bSn {(n+l)"Pn_l(CoS 02)hn_l(kr 2) -n Pn+l(COS O2 ) hn+l(kr2)}] '_

^ ,ik_ _ ('i)n I ik_'2_ %) |+ ixe Oo _ ---'---2,. dv 2 e "(2n+i) atnPn(c°s Jn(ksr2 )n=l

,r2< a ,,

_J " I

'_' * ibtn {(n+l). -_n-l(C°S e2) Jn_i(ksr2 ) -n Pn+l(COS e2) jn+i(_sr2)}] |k_

-_r ,,

(27)

for the region z > a, and,,
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A= 'ikz ^ ikz (-i)n ' ' ' '"
<E(r)> = i e + 'i e Do _ dv2e [(2n+i)"a P_(cos 02)hn(kr 2)

'- - - x. x n=l 2 • ' . -:IL,

_J

-(28)u

t

for t,he region z < -a. ,,

c:

4o33 Techniques of Integration .., _,.

The integrands .involVed in. the above equations are essentially of _'
,j

ik% ....
the form e Pn(CO_,.02 ) hn(kr 2) for the domains (a) and .(c) and of"%he .'

%

" form e Pn(_;os 02) Jn(ksr2 ) for the domain (b) shown in. Figure 3o

,-, In the domain (a)_ the exclusion of the spherical volume r2< _ insures

that there is no singularitY° However_ it also .makes straightforwal'd in-

tegration impossible. A _technique has been developed to change tile,volume _

,-integral-to a surface integral, As shown in Appendix I, we have

, ikz 2 , . - ['i,kz2 , , iz2

V cr

ikz 2 'iz 2

-e (-_ --_) v {Pn(C°_%)h n(krg}1 •as
4k 2 " . _ )', *,

wh,ere the sur,face ¢ encloses' [he volume V and,dS is the Outward no_m_l'o .,
I /,

in Figure-(3a), the sqrface ff = _I + _2 ''with the outward normals as sh<,}wn.
',, ,/, "

For _i the outward normal is in-the negative z2-direc_ion _nd., th_:_efore,.
9

" , 0 2YP2_, 2 (using cylindrical ,"
"the gradi,gnt '_can be replaced by (_ _ ) _nd dS by

?
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coordinates)_ For _2_ the outward normal is iH the inward radial direction

and we replace the gradient by (- 7r 2) and dS by 2_a 2 sin e2de2° So we

have ;

. ikz2 .., _,

dv.2 e P (cos e2) hn(kr 2) = Iv + I_ on

r 2 >a, z 2 >=-.z 1 2
.___

NOW

. M_

Io" = f21rP2dP2[Pn(C°S e 2) hn(kr 2) __8 '{ e ikz2(Tk iz2- _!_1) \j __
i -. Q 8z2 4k 2'

c

ikz 2 iz !_) 0 ( - }
., - e (_ 8z'-_._ Pc (cOs 02) hn(kr2) J W:

_ 4k 2 z2= -z, _,_,:

The cyllndricai coordinates and the spherical coordinates have the following _}'i_

relationships'

_L

2 2 2

p2 + z 2 = r 2 _ z 2 = r 2 cos e 2 _,
L

and ikr2

pn!.COs O2 ) hn(kr2 ) = (.i)n pn(_,i _2)0 eikr2 (29)

A proof of equation (29) is ffi_venin Ap,dendix ,_Io Remembering that in

the domain (a) z > a and_ therefo_e_ a positive _umber_ we ,have

1
\
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2

oo ikfz2 + P2
'ikz2 i z2 "8 e _- 2

_/ 2 2 z2 ' -z "l o ik z2 + P2

,°, )32 z 2 =-Z
P2

ikl z21 ,,

ik_2 i z2 ' 1 _) e
= "_'_(-i)'[e ' (_ - _) P(_ _2 k2

• L,,

, iklz21

ikz2 _iz2 -8 I _ e } ]
- _ 2k 4k 2) 8z 2

Z 2 =-z
t)

27/in

- k2

,j

where we h_ve used the relations

P (-x) = (-I)n Pn(X)n

and o

_.) e = P (+l) e = (+l)n e
Pn _i-kt! +ikz2 +ikz 2 +I kz28z2 n -- --I J

Similarly we have " _'

, _',,
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'_ "J . 0 ikz 2 iz 2 ,. ,-

. .ikz2 _i_. .= - e (_k --1_) _ {Pn(COS 02) hn(kr2)}] ..

: 4k 2 ar 2 k ,-, r 2 = a ; "

This integral is straightforward and after some computations making use

•of:'the recurrence reiations satisfied by Legendre PolYnomials and spherical "- -

-,. Hankel functions and thee well known relati0h (see Morse and Feshbach [1953])

t

., . f e!ka"cos0 Pn ., 2i &: . .... " (cds 0) .sin#_ de = (ka)

" -0

_"'^.,get ,' -. ': . ,z, _*

9 , : '* " n t

- ,_'_ - ya2in" [hn(L){2_ ""(_) + j_,_(_)} - .h'n:(_) { .2_j;(-_) - jn(_) }] _. .-2 k- " 3n

: where the, primes° indicate 3ifferent)'iat'{On with respect to the argument°

can oth _We _ erefore_ write - < :_

- % ' ikz2 7fin [.2kz" + an"] z > a.. (30). _ -
'f °dv_. e _' (']_OS 02)';hn(kr2)' "_, k3 . .. , :_ _-

,.. r 2>a 5z 2>-z-,
F

n

.where we_deflne _ "..: .... .,.._"'' _ '" ,,_
, j

,

- &n n -" '

" , l_ c " 2

.,, ,. °(31)

_._Ip:/_hedomain (_) of, Figure 3_ the i.n'tegration is"easily "carrled ._out .,-,

•'.gL '" " ':' .: .

' ... as.be low ' " ',,' L ' ?' _ ° :' " ., "

- _ ., ,,,,
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i_ 2 .,

r2< a- .. : "'- _'
i

a _ _ ikr 2 cos _2 _

= 2y J r 2 Jn(ksr2 ) dr2 f e yn(C°S 82 ) sin_e2 de 2
0 -0

-. 4_i a

= k2-_k2_[ksJn(ka) Jn_l (ksa) .-.,.k .Jn_l(_a)''jn (ksa) ].... .. _- _. o ._
S

gin. .. :'
: _ = _ _n ,- (32)

k 3 ..'_ ) 't 0

t

\.
e~ =

where we, define - ", .- ,:
,%

,, .-- o

', 0 ,J "

:' _n " _4_2"'[NsJn(_) Jn'"l(Ns_) -'Jn-i (_)'Jn(gs TM (3"3)__ _"

"- i-N_. ' .,- - _,. _

In,_the domain (c) 6f Figur e 3, z '<--a and-we have ,j
0 _ '

,, " : -' oo ikr 2 "'

fd ikz2 "O2)hn(kr 2) oo ....ikz2 1 _ -_of ._ e_" ---'v2 e- Pn(COS = .2y(Li)n'fdz 2 e "Pn(_k._-_2) P2dP2 ikr 2 .

.... ?T(-i)n-! '_-i2kz '_'
_= _ e ,, (a4>

f_J

,, f , , . ,.

" We now have all the _tntegrations of equations (27)'and (28_'and are

_in-a,°po'siti-on+,oo.write_down the final 'res_ults"' ,,_:,,- ""

°j

_: 4°4' [oral Field .in :,t.he"_.Bo_n :Ap_proximation ,, ".... _, ,,

_, " For a point of observation in_the region z>' a_ the average_. . total fleld_.

__given by " ..-' "

,.;_ :,. : •_ _.._.
I
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ikz

_-,E(r)> = (l-Vs) i e '_ _"

O , - : t"

" CO ',

' s,- bSn)
_. :, k n-1 ':

' r, ,-

o o - . _ i

{ s h._ ' bs ]:' :_
+ ! "..N (2n+l) an an +"(n+l) a + n ._

' _k3 n=l ., n n-i n an+l

ft

' 1". _ " i k_ _ _ _ { _2n+_ > _t _b _ b _ _,+ Ooix e 'n=l n On + (n+l) On-I * n _n+l } 1 ': ": . " n n '

" Fora ..point.,of"observation- in the region z <-a_ the field is"giv@_ by - "

<_(r:>" ^ iiz ^ -ik_00_i Zi '
= i e + i e [-_k3 ,_ ,- ,

--- ' x ,:,(.1)n_ (2n+i) b >J (a6)"
*i

", -'- L .... :'

The most important result is that the polarizatiofi of the average ._

total field is the same .as that of the incident field. Another result

.is seen from equation-(36) which is _f the form. ._ - ,. _ _
J.? - :.

--A ikz -- & r -tkz z'< -a- ' --_'
<E(r)> = i ..e + i E i e , . .'_

o '" , "_ • '. o

- -This-sho'_s that_thee right half _pace containingthe s.cat-terers:acts ,,ilk '.

aJmodifi-ed mediu_ which ., '.... ', " ,, ..... _...... reflects-part of _he incident field. The reflec-

"_ r (the subs¢ript .I indicates the-first Order theory) _tion. coefficient" E 1 -. . .. _ .,• O .... ,

• is determined by ,the:size and'.density of--scatterers and the,/waveleli_th0 '_'

The _b_havior of _t'he_ight. half sp_Ce _s a modified homogeneous meditnn'is > _ .

'/ 'also s_en from equation (35).which 'can.be written aS /. .._
o
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A . t: ikz

" " .... <E(r)> = ix E1 e "(i + i6kz) , _z> a. .,

If 6 is small (as ifwill be for situations in which the Born approximation
r,

is reasonably, good)_ We e,an write- -- _ "

_J
• . r

:! 7.

-. INBk z
..eikZ(I ",+ i6kz)" _, e: ;_ ._ '.

4

,, <

.,where.NB = i +.6 -' :

q

Thus_the, modified medi'.anhas a refractive i'ndex NB and a "transmission
0 _: '0 _" ';

_.;,:cogfficient" E-tl...Witkin this medium %he 'incident field is extinguished

as would be expected.

J , "F

U
o

o ....

. , - o

3 ,;

j'

t'

( ,,,

,' v - ,_ z c

. '2

o

u ,. - _ .__, q

o ,+ " _ 0 u,.

<} ,, , _r
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5o" Multiple Scattering by ,Spherical Scatterers '

=

0

It has-been_polnted out earlie_ thatinstead of solving the integral ,- -

4equatlon,_IS)for the exciting field_" we can obtain 'the average total,field
f

-to various degrees of accuracy by successive iteration. The first itera-.:
,a ",

tion_ which Is, the well known, BQrn anproximation_ has been considered . .-:

inchapter 4 and..expressions"for_.-_ the. average, total field_ have been ob-,.,," ..---.-a'_,_,
_ainedo For, the second and higher iterations_ the complexlty of"the..._-:" _

. _ . 2 e, ,_ , / r. _-

'integrals_,Involved increases v_ry rapidly.,, This is because wesffre con-

sidering the verygen@ral case of vector W_ves, al\d_catt_rers of arbitrary

size. Ig'this chapter we sha!l consider an alt.ernate,approach and _h_l

study the,. effects,_ofmultiple_, ,, scattering through the exciting field. _, as " !k
gov_rned,,by_'eq_ation (13)o _.... .-

k,5oi Evaluation Of Exciting Field Using"_vo-Exterior Formalism '_ - -" .

Md_t of the/earlier work on multiple scattering by'small scatterers 1_

hasshown that,,the"distr.ibution of scatterers c_n be nep!aded by'a modified

homogeneous _ediumo Thus _ Foldy [1945} has obtained an expression for the

re_ractlv_index Of such a modified medium for _he case of isotropic

•point.scatterers_ •A-si,milar result for anisotropic point scatgerers mhaS-

been obtained bYwaterman and Truel! [196!] for sca,lar waves° The singl_-,, !u

o "scattering, appr6aCh of Chapte F 4 gives, the refract,lye, index 9f:the modified

medium when vector' waves ar_ considered,and no-restriction,is place on

-° the size of the scat'te_e'rs, On°the b_sis_Of ,these results, we s_all '_ _- ._

assume ,that the-ex_clting f}_ld' can' b¢"represented, by a _ollection of .... ,_,,, . .
• o ,

uniform plage wave modes whe_ multi,pie scatteri'n_ e_fects are taken into,
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account°" The multiplicity ogV_r_ese modes arises due to. spatial disl_rsion

ef_fectso From the. g_6metry of the problem and the resultS.of Born approxi- ,,

marion,, i_iS clear that these plane Waves will all. travel in the positive

"..z._;di'rection..l'ike the incident wave and will all be linearly polar_Ized w'ith

:-;-"' ' a polarization similar to that of the incident, wave. Therefore_ let the ,.
¢,

;,. exciting field be given by o
r,

: :- ., _ ik_z

"<EE(r:r)> : _ L" E,e ' ', ,

where all kf's are assumed to be distinct: i.e,, kf_kf , for 1_ '. Sub-

sti.tutlng this" in equation (13)_we..get o .:,. >.

O

..... ., co A iklz'

.. oo. ikl, 'f dv'[Z(_r,Z")z-i ]o " Z _ E, e = _ e,, +p ;' '
I=I x . X -. o <,, i=l x ,.

' " ' . Ir_-_r.'l>2a - . "
-, Z'> Q <;

". ;2. . _.^. . iklz _

In order to, carry out "the'integration., We need to know [T(r_r').N iE 1 '_ _ ']
J

,- which is the scattered-field at r 'from a-scatterer at _' excited by the _"

, L.. -';A iK_Z

collection of plane waves of..the type i--x:E1 e ._ Each of' the_,_.;plane. ,,

waves gives rise to a Scattered field which tl;.avelsin the medium of
O u " ' ' ' " . . • .. t.' o _ -'T

constant k and a transmitted fi'eid,,Lnside'the scatterer where the.propaga7

.. tion con_tlant is ks,. ,, Thus,..using the coordinate systems of :_Figure 2, we

'_ _ can.write the in6ide_£, scatt_ered,_ and transmitted fields of each plane ,, , ._.
- .i, u ,,

.... ,#ave mode as follows '" o " -'

, u 0

o

/
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-.. ', n=l n(n+l)[mln_l.k_>-i_eln

' 'u

", ' . r,

^ ':iklz' -. iklz' oo

T(r_r')i_e = Ele . _ in (2n+l) s .3 - s 3 " .-----' " ' n=l n (n+l) [A_ n-m°in(--rl'k)-i... B_n_neln(--rl'k) ]

v _

" _ )ixE, eik_z ikl z" : ,.

.,-_ .c. , n=l n_-_. Ai n_m01n(-rl'ks)--_i.: B_n_ein (-rl'ks )] ./_2_".$,

This 'is-,ithe'so-called "two-exterior': formalism of Twersky [i962a] indicating ._

.-'_ ,_ !-

that _the incident and scattered fields travel in' two different media..,, '_
_ ' s S t "t

.The coefficien.ts A_n_. B_n _ A_ n and o_nS for the plane wave re'odeI are ob-

" ,," tained from boundary conditions satisfied by the various .fields onothe

surface, of the _isoiatedi"schizold" sphere° This.'prob]em is dealt with
.-. :_!_-Appen_x I-/I and the various coefficients are evaluated there° Using

....:'":,,':......eq_atio',[.,.i,"(STh) we see that the .integral to be evaluated is' ._.

|:" , - -, '_ in (2n+l)- s s
6v' Ewe _ [.A_n_mol n 1_ Bi.nnnel n. k) ] ' ': ...... ----" ...... r) (n+l) (r k)-i (r,1 , .,

_----<-<Q_ . ,,
,-..--..L-_-- ,-,".,'_-,,- ,:'"

-' This .is very similar to,_th-eone-that was treated _n Chapter 4o We use |i

the transformation _ '>" ,_ " ....... .. , , ,.

• ,// t, " .

'" _ / _ -r_, "- ' ...... ..,. i., / r 2 ,=. rl, = _' ..

• / :3 , ,,

and thereby ,_rg_er the Integrand to a coordi_nate System-with origin at.,[o ,, , ,, -_" ?_, , _ ., •

• ' % ' " ' -- U "
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'The domain of., mntegration is similar to' that shown in Figure.'S(a) except

' _hat, a spherical volume of radius 2a_ rather than a_ is excluded° The "-..

, . _'2_integrationsymmetry, about the z2-axis shows that the reduces a],l,but

a few _ -component ,terms to zero°" The,above integral_ therefore _ re, dUces ,:-X

.t ,h '_ ,a

I .... 2 '
_xE_e, ..... Z (-i)n2" :/_ dv 2 e [ (2n+l) AS,_n Pn ('cOs82) hn(kr2)'

n=l

r 2 >2a
----g

Z2- = ., -_

o + i Bin.{..(n+l)Pn_l(COS 02) hn_l.(kr2)..n Pn,+l(CO_ 02), hn+l(kr2)}] ,,_.

The volume integral ca- be changed into a surface integral'by using the

relations " .

Iklz "

.... (V_ + k_i e = '0 " ,, -

.... ' -" -'_ • r 2 ._' 0
. _

(V 2, + k 2) Pn(?OS 02). hn(k_ 2) 'r =. 0 " .

'_ and Green's' Theoremo, Thus 'for k_ _' k_'we, have _ v :

V ' ' ff ' " '_ 'J'

"_'" " - Pn(C°SO 2) hn(kr2): V2 e ]_° _dS__ o -

The surface _,,iS,,. made up of Vl(z 2 =. -z_ z > 0).._-and _2(r.,2 = •2a)-o The inte-'. ,j

• r ,

,,grations can be, carried,.out'easily along the lieges of. those, in Chapter,_4
'o: _ '1 v
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and we get. the following result .. _ ' ',,

ik_'2 i(k-k_)z s n. -' :

_'a_2e _(._o_%) hn(_2) 2_, i_ 4_i,,
r2_ .. " . k3( -i_
z >-z ., '_-

,-, 2 = ,(38),

,_ " ;L

where N_ ='k_/k and ,. ....

%in- (2_)2iN_Jn-l(2Ni _) hn(2_) -Jn(2Ni _) hn-i (2_)] (39) _'

\ ,'

Using this r.esultin the exciting.field .equation we get "' .. 4

Oco ik_z A ikz co co•^ ikz _i-o . "s _ s
_xEle _'i e + _ i E_e " [ _'-(2n+l)(A_n + Bi.n)]

J

'" k3'( _.) -n=l ,,l=_'. x I=1 x-,, N_' ' i

e ' [ _' {(2n+l.)" A_, N._n + (n+l)B_n_._,n-l+nB._n'Y._,n+l } ]._.=__ ,3<',_-,) °.--._. .... ,
-' , (40)

Since this equation.istrue for all Values-of z"in the right-half space_ .... ,!

ik _,
we can equa.tethe_'ooef-ficientsof e-_ , for all _, alld of e _nd get

,i

_ the-following equa%ions . ,.,,

._ -_:,:. _ _, ,,, . Ii,, - ,, %, -

z I(_n4')..._,-,_'in ����._n+_)£n_'i,n-1�n4n _,_,n'+l] :_- ( .,."-l) (41)'._n=l o -. s

_ " c

o6 3_v '_ oo ' -1 ., ,_ ., .. o,,
.... -s B._ -)] + 1 = o _ (4_:_", :_ poSj . ,,,,s , -[ _(2n+!) ('_n +

o

u

_} ,. -bz
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Equation (41)is the dispersion relation governing the refraetive index

of the modified medium° Its r0ot_ are the different modes which the-medium

can sustain.- By itselfj equation (41) is insufficient _'for getting _.he

refractive index N_o This is beca_Jse.9 as is readily seen from the.,ex- ,,

pres,sions for A;n; Bs_n in Appendix III, this..equation also involves the _.

permeabilit.y.-_, corr.esponding to the _-modeo However, another equation

involving the same two .c4nstants N_ and;._ can be easily derived. From .,u,

. the geometry of the problem it is clear that the:_jedium will behave in '" --
0 ,

<. the same way if the incident wave i-s polarized in the y-directionor. We:
4 'o

can, therefore, start by taking the H-field i_<the x-direction and carry

out the 'entire analysis in a similar Way. The ,v . .:., . two-exterior" formali.sm

will give the scattered.field in terms of the coefficients Cs Ds
' _n and _n '_

(as discussed in Appendi_ iI,:I)and We shall get. another equation similar _,..

to (41,),as below- "

0

oo

z [(2n+l) cs %3
.. n=l In "V._n + (n+l):-D;n "yj,n_l + nD;n _l,n+l] _ ( -.. 1). _ .""..

'> (43)

Between equations '(41) and (43) we can get a transcendental,equation in

',}

.which _he only hnknown is N_o The different modes will be governed by o

this equation ..... : -

5;2 Eva-luation of the Average Total Fi_eld ._ _ ._
$

-_ The average totai field Can_ derrived"in a s_aightforward__ manner ',,t /

. , _./ , , < "o, )

using the plane"wave representer o,f the" exciting field° Equations

,,(14") and (5) can be written', as fOtlows -' " '_

,¢' r ' -

9_

, , ('_
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e + (l-vs) /90 dv' [T(r,r') _ ixEge /7 ] .._
---- ., s x.. _- _=i

..ir-r,[>a ., ".

• I=I x .' .. --
Ir-r'_<a " .,

1 J

when'z> a_.and '.

^ ikz / i E_ e, ]<E(r)> = i e +O0 dv' [T(_r,_r') _ ^

.... x - _=i x '..... z"> O .....

,_when z < -a ....

The "two-exterior" formalism Of thelast Section gives the scattered and
U - t¢ _ .

transmitted fields as expressed by equatiof_s 37(b) and 37(c)° Usinga ,[
q

coordinate_, system_ "entered at P_ the point of ",..°bservation_ the above ,f .= I.
equations reduce to ,, , ,

, %
,' -'s

V s e<E(r)> = (1 ) x ,-

+ _' (1-Vs)PoEle ': dv2 _ (-i)n n(n+l) ln(-_2 'k)
": _=I n=l '.

_, 'z2 >-z=

_n neln, 2_k) ] .
,2,

_=i _g,,_e ,,, dv2-e " [..N (-i)n'(_n+l)

,:,J- _.- _',, r2<a n=l .... _

., _.. _ <_.) " n -eln "-

I
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?

r,-,-

When z > a_,-,and ;'_ ---

^ ikz oo ,_ ikfz ik_z 2 oo (2n+l) .s 3 .;,
<E(r)>' = i e + Z.DoE_. 0 f dv2e [ Z (-i)n _ {A_nm01_i(_2, k)'
-- -- x I=I " ' n=l>-z

Z 2 = -.

J

_n n ln(rmak) ] -(45)
• (,

when Z < -a.
,b

The domains of 'integration are those shown in; Figure 3: As discUsse_J ,, ,-

- , , '.

earlier, the. ,_iai sy'_e_:ry-of these domainsand the nature of. t/rfe?sphei_'_caI . _

vector wave functions reduceLmost of the terms to zero. The.remaining

-terms involve integrals of the ,type. :. ,_

iklz 2 .... _,.

. f dv 2 e Pn(COS 02) .hn(krR) --

iklz 2 ,.. .. ,,

and fdv2 e ' Pn(C°S e2) jn(ksr2) . , .." .j,,.

,j

Let us"consider the field .in the region z > a firs....°In equation (44')','

the second term haS: the _d'oliainc-f integr_t.ion shown .in Yi_Ture 3(a),'.:. ..

using equa_ n (38) e et ii.....

- - i) "

iklz ::/ i(k-k1)z , ',n-.'.-

..... ' " k3 (N_'-11 " "_
r2> a _ ... -

;), = .,d_ : ..... _... ,..y

61 ' .,iS defined by " ,,"
Where . n _, ,' .. _ .

)"' _2[. !( ,hn(_) . , . . , .., ", (,_,,' ,, 61 n N1Jn" NI_ ) Jn(Nl,_) i_ 1(_)] : (47),
'/'"' ')' '"' :" '' o

, _, %% • J '

I ]

., _ t, . l/ . /,.. . /{,j /
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I) _ ,,

The integrals appearing in the third term of equation (44) can-;be,evaluated

as follows ,"'

ik_z 2

l'_< a • #-

,.. a _ iktr2cos 02 _. -, _

= 2 _ f'dr2 r_.Jn(ksr2) f dO2: sin .02e P (cos 02)• n L

'o '_ _ 0 ,, W_

-j

,4wina2 . , - , , _ _-
- _'---2 [ks Jn(k_ a) Jn-l(ks a) - k_ Jn_l(k_'a? Jn(ksa)] _-

k_ ,-., ks

4W . n (4,8)

where n is'-defined by ,, _P

t.

el n = (_2[Ns 'Jn(N_) Jn.l(Ns(=) - N_ Jn_l(N_) Jn(Ns_)] (49),,. ,:

;J.

Combining these terms together_ the average total field in lhe region '. ,:_

z > a is given by _.

'0

i
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• ikz
<E(r)>= (l_vs),_e

u

•-_ B s '+n _n6_n+l})._ ,

v

A 2_ " ,, ,;
+ N ixE1po. S 2 2 e IN {(2n+l) 6in + (n+l) n-I

=i. k..(N}-Ns) n=1 n ,
I,,, "c

Bt }J+ n ._n 6_ n+l

Byvirtue of equation (42)_,the first two terms of this equation add 'up

to 'zero° The equation, therefore_ reduces to the_form

ik_z
<E(r'}> : Z _ t-- X El e _ z > a (50)

'2

,wherethe tgansmission coefficients are given,by ,,,

t 3Vs (l-Vs) ee
_4

' n=:l
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o ,--

Thus-_w_'_ee ,that the average total fie&d prepagates in the medium W

'- containing the scatterers as a collection of',[ plane wave modes. , The, propa L ' :
t_ %

m
gation'constants of the various nlodes ar_ determine'd by equat'ions. (41)

and (43),. _ne extinction tneorem isverified since there is no, e ikz I
-' _ -com-

': ponent in the field. 'It is seen that all .modes are linearly polarize d,

; It Will,;be shown in- the next chapter tha_when the spheres are very small R
compared to the wavelength_.' only one mode propagatds and the propagation

• r _.) ,', I
constant •agrees with that derived by other authors, "_

" Turning-mpw,, to the average total field in the left half sp_ce_ a I"

typical _ integral in equatio n (45) has the domain of Figltre 3(c) and can; :.

be evaluated as beloiv

II
f-dv2e _(_o's%)h_(_i " .: -, " --

tj-,_ '_ u '2- _ - " -"

' :.<-.>°T" = dz2 e Pn O ) 2 dp_.e____ . " -

" = 2_l(_i) e -'

• -z k _ _

B
-. - :_r 2 ('i)n" 1 --i( +k)z_2 " .e- _ . '(52)

.... k +k) _ _

'' Using th_s'eq•uati'on, "(i5) pan be reduced to 'th.eform o .

”�,__" E._".'"- ' " n)" I

" 'ikz ., _Ti_. ' e-ikz[ _.-,_(_l)n(2n+l)(A_n/' _<E(r);> "&_ e . B_ ] ' ,,';
;_" % fi=l ....

t
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,,, _ Thls can:_._'ritten_ih the foPm ?

_=--,;ie-_,..2+ i _ z < -a (53) _,-

"_ where the,,refleeti0n.eoe'fflcient is _efined by

%

oo ,3V i: oo ', ; _' "

, Er =. Z , s El "Z (-I)n (2n+1)(A;n " B_n)" (54) "\.._
' " _=I 4_3(NI i) n=l ,.

0 : ,i

Thus on the left of the Scatterl.ng'regibn_ the total field;iS-the sum of

:,_he inciden_ field anda reflected' field. , The reflection coeffic_'ent .is

determined by the properties of the scatterers; ,,. ,.

_j. This 'treatment has given a ,'_,airlygood p!c_ e of multiple scattering

of electroma'g_ietlc waves by a random distribution of, spheres of'arbitrary ,,

size and mat_rial_ It Isby 'no.means complete,. : There is no_..enough ..

. 'information.-to determine uniquely 'the ampl'itudes El- Of the plane wave " ".

; mod._s _,.'kingup the excit.ing .field,. N-cause-of the cemp.!exity of integrals_

the t_;eatmentoha% excluded the. infinite slab_-region -a< Z 1 < a frbm the-

,'- _analysls,.. P_aelver_, sufficient information has been obtained to de_ermine ,. "
• +

- -" the, refr_ctlve:'in_,ex of the"mo'dified mediumo

% v ', O

( '( : ,: ,q, ,j .

_, _ "_ , g_ _ ,, _ - - .,.

o

_L .• , ,)

', - .:G ' - ,g'
U , , ,' 0
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6. scatt ri.g SpeciarT: pes Spheres ....

In the last two chapters we haye consid_red the behavior of the .ista- .. '

,_tlsticale_pec_ation Of ,theelectric field in wea_ly random as_.well_,as, - ,,.,/

s.tr_ngly random;mediao The treatment was qui-tegeneral and no" restriC'tions _

were placed on elthe_ the size of the spherical 'scatterers .or their electro-
r> , ft ';: |

magnetic properties.-, It is worthwhile to consider a f_w-special cases and _ "

:',. study the properties of .-.the medium when certain ,constraints"are p_laced on i
q, ,_,J

the scatterers, we shall consider propagation of low f..requency,waves for
, ., x' '

,_ which the.wavele.ngth is much larger than the r_diu_ of the spheres. In

•' this case the payameter':._._(= is.very .smallcompared to unity and_asymptotic

expressions for _pheriCal _Bessel and Hankel functions for .sm_-ll_argument

can be used. We shall also'conside1,"the case of spheres of very large
, 'D

.conductivity, In this case "tRere are no fields ,,interiorto the spheres

and'_theMie serles_,coeffi-clents,._ are consider-ablySimplified_ " ,, ....

6.1 Single: Scatt,_r'ing Behavior_ ,,

-We have seen in Chapter ,4that _the av,_rage ' "" e ". _ " ,totas:,_/.fieldpropagat s
o -,

_: in the mgdium with an_amp_:!_tude'_and,phase velocity different,from that of
f

A t

I

__the',_ncldentw_e"b_t wjith the _ame polarizatlpn. The_refractive'index

of the medl_un-_s.'glvehDy an expresslon 'Whi_ch-is quig_,involved,in the
' - " _ > '- '# 't, u

m0st general case. we _shall.consider_two ,S.pccialcases,

• r

° _,.° ° " FO'i' spheres smaZil_,c0mpared,_o wavelength at _is/,at_lovtfrequencles)_ _"

,,_is very smal,_and the 'inflnit_,.s_rles '" " , _-,, . converges yery fast ,Asym_ptotlc'

\(

I
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• ?, -"

expansions of spherical Bessel ..andNeumann functions for small argument['_
n r# • ,- ,.

are Of _he form (see_ for example,..Gumprecht and Sliepcevich" [1951]) -
J

4

_Jn(_)_ .,_ (_n,1)_ ' 2(2n+31 + °""] "

• Z _ 2 ) '"

"11n ( ,_ . . ,... : _) = snn: _n+! [_ + _.(_n-i}+....] ; " :,:'

The Hankel function is_ of. course_ defined by hn(_} = Jn(_) _ i nn(_), ._

If these expressions are.used and terms of-.orde_ hl er than and ::-J"
' ' 0

#,

.(Ns_) 3 are neglected_ "the :/ "• refractive index of the"weakly-random med{um.,
- r, .

is given by o ,-. _" ,,

'" 3 " "-" _NS ",
V :'

': ' "NB_-'_ I + _ 4; " " (SS)

>

" : 1" 'If the permeabt.ittY'of the spheres i-S wery nearly equal to that of the

surrou_dlng m'edlum_....the above expresslon,simpllfles,_tO' -'-:_.....,, _'

'" " VS 2

._ , = "1o4 " ° Ns_ " L_: 3v s '_' _s . : _

............... : _ .It (86)- "
NB ' v.

.... :. If_. ion_dd!tlonj _we'.consider Sparse eoneentratiOn_o ,the _ractional ,volume. ,,/
u_ '" 0 ", -' ,,,,- _ U u _ _" u

oc_upied', by Ithe spheres_ ''_,Vs,"_s very sma-ii . TO' %h'e_.-f_rSt PoWer _,Of.vs_ then# "

we,,have _ ,, - , ", ...._,,,°

:: K _ . . .,, -. "/,:"
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• 3

-.This is-the well-known refractive index for Rayleigh scatt.e_!ng (see_ _' . _-

|.for example, van_de'.Hu'lst [ 1957]). Using the following expression_ due

to Lorentz_., for the polarizability<, of a sphere o '" 0 ,_ l

" N2 " - •.... _t{I = a ,-

•. _, N2 : _':+ 2 _ ,_,

_, the _efrac_iye index is glve_ by the more familiar,,equation',.

._ NB,.,= 1 + 2 _ Po_, a

It is immediately seen ,that if the spheres are nOn-abs0rblng_ ,then so. "Is

the_m_difled medium (since both N andNBare real in, thls-case); ," "

..The small.:sphere apProilmati.on-,.,_,_, 2or _-.=o_s':'isequivalent to neglecting. -'"" _' I
all orders of multipoies, -_ " "except the, f_irst order electric-dipole,"in the

_' Mie expansi0h.,,,•Thus the approximations -_are,._the same as those .!_se_.In., " ",I

Ray_leigh_,scatte_!ng theory and_ c0nsequently_ the _result is -the ,S_me. " '_
" ,_// _- " e/.

Av.other important.special"case is that o_ small, perfec__ly Conducting |
• u- ._

.spheres. It isUJlmportant..to note that this case is not covered by Rayleigh _ ,.

scattering.,This is because"_s Ns-_,,o% the 'wavel_ngth In_ide-,the s,phere/, _ ,,

k ,..becomes _infinltesimal. The condition for Rayleigh scattering; 'vlz., ,_'
NS _ • .... ,_ ;, , .... _, ,

_" .2.

• that the r'adi,_sb_ _s_tai!,compared to wavc_2e_gth, is no longer sail@fled ° ,,.,

"insl_e °the sphere. _'Therefo_e, we cann_ot treat?h_s c_'se by letting ,Ns

o

,,, _1 ci

1964008260-072



, 7.. : _o,

become infintt.ely large in equation-(57) o Instead_ we see that t_he internal

fields ,are zero for" perfect conductors and_ eonsequently_ the M!e coeffi-

cients become -,

S Jn (_) ' _" [_ Jn t
-,,b s , , b t' a - = _ " a = .= 0

n an(_) .:' n "[_h (_)]' : n n
' c _ n . c

i) _ ], ",

'"" For,. l:erm_-.up to _3 only_ the Born approximatiQn reeults now. become

C, , ."

': _x Vs ) V igBkZ o :'<E(r)> = (1- (1'-4) e" _ z> a ,, ,

_ : ,. : (!_8>'
ikz ^ 9_" -ikz - o<_(r)> = 'i ,e - _ e z <-a

-- -- X " X 8_Vs

o

and' the refractive index is given _by -o : ./ ., ,_

- . V

. 3 I1 - _]-I ,,." : 1 vs : -,, o ,

, <.' ,-' u
J

,, _, For spars e concentrations of -perfectly,,. con-ducting,,,,_ spheres_ wc have ; " ",,,

3 •

•. NB ,._,, i + "iw' . ._, , (_9)- '_

In this-case both ,,the electric and the _magnetie dipole-terms • of the Mle ' "i._

"' series a_e retained° Equat-i_?n- (5fl} _hows that _ there is no attenuation ,,

at low fre.q_ncies.in a medium containing'"small_perfectly conduci'ing spheres: ,i'"

6,12 Sphere Size Comparable_to Wayveten th _. ,._ ,',_.

When the radius of the sphere i_ C'omparable_'to the _'avelength_ .,t,h_ _" ,>

contribution_ -o_ the higb_ order mul_ipole_of ' the _ie., Settles. can ho o ":

'-' ,\ .... " o , _, ,,
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J_

longer be-neglecte_,, The behavior"of the. medium should then -.~,,e,con- _ ,,
1

sidered..using the full soiu_ion given,.in Chapter 4 fbr the, Born approximatiOno _ _'-

,The refractive index_will_- in generai_ have,-an, imaginary part a!so_ indicating :-
, ¢.

attenuation in the medium° " " _" _ -

Table I shows the '_calculated .values .of the real grid imaginary _parts ,,

_ of the refractive index for p_rfect!y ,conducting sphere-s in the range ,,

" 0.1 to '5 "0'4 These values have been_ calculated for three values of

the fractional volume _ Vs._ occupied .by the scatterers. This fractional _-

: bccupied volumeis a parameter Indicatlve' Of-,the Closeness of ._he'Paeking_ ..

since ,. ,_ "" "_:
0 " '

b

_-. , 4 a 4_[ _a , .. _, "

' _,,s: 5 _ a.Po _:5 ,.(llOo)12_13 -_ ,,_• _0 ..

'i .;_nd,(7o) is a measure:, of the _ergge separation of .thg,spheres_ For ._ ....-
'_ U '

, , , p

large -values vs_ the-Born.. approximation is not valid .andmultiple ,scattering __ ' _'

effect_ must be considered,. "These preliminary resuits _are.Obtained using o '

.a desk calculator and we do not have enough information to plot a reliable '_

• o , ,_

graph for the pr,opagation and attenuatlon ,constants, " These constants axte . .-
.: u

expected to .sho_esonance effects cha_acteristlc of the Mie Series..coeffi- '" °"_

cients o %[

/ O

6o2 _'Mui'tiple Scattering Behavior . o -: _ _.-

When the distrlbd%i.on of sph_'res in_,the-medium is qulte_dense_ multiple .. ,_.

_" "'scattering effects c'an:'no-longer" be negleCted.i_nd the' treatment of Chaptel_ 5- - "

_Valu__ -_h_._icalB._sera_a.:_iik_l,functlo.__nd._rigonome_,r!c,_unc'_;ions
o _ used In the_computation-are,_aken from Lowan, eto, al"-, [1_94611 and 'MathemMic:'

,_ ,j ,,, c" ,)

Tables.: [ 195.9 ]'2 . • " ' " :

1964008260-074



1964008260-075



....' • 6e .,'_
- 7

. , i , ° , ""

. should be used, The ref_a0tive ,index-of the modified, medium is .governed . _,,?
o ,, " •

_, • .,

,- by equations (41)Tandr,(43)_' For the case of small spheres, when both _ ' '"

and N _ are Very small_ on19 the el_ectric and magnetic _dipole terms need "k
S " .i o, "

be retained° The coefficients corresponding to these terms are .....:-..._-
• . _ _j :_ _ ,,'_'-; _ -_

- ..>?..¢.¢5k.:':..''..' _'.

,, B_I_= 2i r-- "II_3. _: _'_........''es + _"_" --- '" _:i,,":_.

• "Using these values,.,equations (4i) and (43).,,reduce %0 the following s'l.n_pler.i!,i

.... , o N_ ,_, ',:L

.t' 3 _ ,r I't's "I'l'_l,l,+ 21A o1N_ -P:_[_]Es - (_'_ (2 + N_I.) = _- 1. "_,-.-_"" /'':.,,

(60) ,:.:

3e._ e _ - 2+ +. v .., " " :' _.

These eqgatlons g-ire the '.re_ractlve Index,_ bermeability_ aR_ _le_t;._trlc _

constant of the modifi-ed medium. " " .

-FOr the 6ass of perfectly conducting small spheres, equation (41) : '_" "" ,

)/ ',b. , q _ , , 'C

leads, to the 'following equation when"_:erms' up'to _3 and (NI_) 3'are retained: _,

_i _ k_'
,)

k) ,

- .lo _ _-1+ -_ g -

• (61) "
' P G _ _ T

.' At very ?iow f._e,qaencle:s We have only one mode wi+_h the -_ef_acV_.ve index ,_ .
, -, _, • " ' u 1, ,,/-,,

.... -, -_.... . .,!i ',,, ,,. _ ,
t
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: I + 2v -
, N2 , S ,',

.... _ "_-V S-"_
k '

'..+ +++ ,+" _ 4+,, ,- _-.++ +7"'_ ..

..,i] , . ; I c'' 4' ,, '

an expression derived earlier by' Twersky [ 1962c]. : For spef_s,-:_!_centra-

tions this reduces 'to the 'result :obtained from _sing_, _oattePt'_g, theory
• + , ..... ',, ._,,.:1%+_ , q

¢

given by equation (59) as expected. The transmission'\_,n_reflection co-
-., +,-, ++.

efficients reduce to

-., , ,_ ,_Et "'_ ,,
+," +..:. • = 1 - 9 VS ,+

.+

q

-4 . •
t+

_',,- Er _ _ _9 __ <'_:

_'_ , ,> /A ,< , ,, '

.r/andSatlsfy+the:boundary Condltion-at z = ,0 as _;'_pecte_;Since 'the tran?s-
" t,

mission coefficient"fcz+normal incidence is given by (see,Jordsn [1960]) '_

r; ,j _J ,,' o \

z+ ++ m a

,_ 0 -' /

we can solve for _i'and"eI to the +first power of v and get ' "+ ., '+

u

s '+ ' ,
--+ + i "_v + .+'

J

t_1 +, '°

These expressions a_ree wit_ the:i+resu_tsof+..Twe_sl_.[!96_.d_],For_hl_her , ,'i'

frequ@ncles, the convergence IsSlpwe_ and more ter|ns.of,equation.(61) h_ve" +

• .I ,, Ito'be considered, Inthls case,more _han one modewiil be obtained,due to ':

• the'spatial- dlsNrslon effects. i" :. ,% %. ;_r _ I ' ' ' _' ' +
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rr_ 7. Discussion" ?

Wave propagation i_--a ra_/dom medium is a very imp6rtant;problem-and ,,

has_ consequenti_, received_considerable attention in the literature. _.

A'theoretical _tudy of the problem.requires a, mathematical model tha't -/ "

,. dedcribes the properties Of the random medium _, several such models are

• p?ssib!e and the chotc_ depends Uponthe type. of prgblem b_ing considered., '_

One'modeZ _.i_ t'hat, in which some proper_'ies o_ th@ medium (such as... the " .'" o
densi.ty_ refractive index, etc°) are considered to be random functions

of position. Anothermodel, one that haS: been ac_£_ed in this investiga- _ -_

tion_,_'COnSidersthe randomness as,oeing due %0 the presence of distinct :

scattering objects 'which have electromagnetic.properties d{fferent 'from "

those-of the_ba_kground medium° _In this case the problemis formulated

in _erms-:bfmultipZy scattered fields Which Satisfy ..awaye equation and

boundary conaltions on the surface of the scEt_tererso.:_e have made such "'- _

a formulation which is valid for scatterers of arbitrary,,size, _hape and

properties, ° .: ,__
3,

;We have ne_t specialized th_ treatment to..the_ase of spheri.cal.scat- . !_.-

te_ers,. Previous work on multiple scattering by spheres is:-largelyrest_icted._ _'_,_"-":'::_.-_.7

to .theease o_ sma!lspheres and the fields in_erior to the sphere'are .

-._i_nor_d,":'Theproblem"thus reduces to that'of point-scatte.rer__ This ,_'
//

introduces a singulg'rityin the 'kernelof the integral equatibnand there "- _ ;_

is some ambiguity In treating such inte_ral:ssince the results de'pend

upon the Shape,-O_the-vOlume'excluded in the Cauehy. principal value-tech- " ....' "-

nique (Water@aa.,and T_uel_ [1961.I), Such"ambigu!ty no longer._exlstswhen "

• ', q x;
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_ we allow the sca,tterers to have finite size since the ._!nguiarSties are-_. _ .

;:- not in thexolume,of integratibeo ,This is a mathe_,Ja_ically more satlsfyi_g "
:, ,/ .,

approach.: Our:/_j_eatm_nt is quite exact _n that,:the full-,..altipole so_ _ n

' of scattering by a Sphere'-Is used_ takinginto account the-fields ,b0tlt -,
%.

inside and outside the spheres. Thus 'the treatment is valid _br, all._, _

_>'.frequencies. The reSults j V/hen specialized to low frequenci@s, agree Width .

'the results obtaine_;.by other, authors_ including the well-khown results :;";i_'

,_ of Rayleigh Scattering theory. '" '" .- :,,,/ ...

" ,'We have considered propag._tion in we.akly as well as strongly random. ""

media. Although the proble_ h.as been, completely "solved for weakly _random

: _.media# the resuits obtained for"stro'ngly random media ,ar_'only par_iall3} ' '
q_t

H

-,, complete. Neverthele_s/'_ a dispersion relation"has been obtai_:ed for,'th_,:,,,, "'

scattering,mediumo ft' iS ,found that due to' spa_iai dispersion_ more thag .' ,.

en_ mode ce,_ p_opagate in, the medium.', All the ,modes.have a'poiariZa.ti0n'

- 'identical to tha_ o_ the incident wave In the cas_ 'Of nc¢'mal incidenc.eo , ,

The present wdr.'k,has""de_dlopedsome, of"t.he,basic techniques }or dea!i_n_!

with multipl'e s._atterlng problems_ in particular," scattering by s_':.ereSo:':-' ../,,
,Y ,, - ,5

,, The vector nature of the' problem ±s fU.11y-taken, into account, ThiS'work

'"_ " ,,_he. gn &_3 of: :the',,_heorycan be extended' in several dlrections% fuli si if±6 ce

can be apprecia_ted on_fy Whgn :it is applied to get numer,ical rbsults, for ""_:!

_" speci.flc,;'caseso Thd. dompl_xity _f the' fcrmulas nece_sltates the_us_, o,f ' _'.'

computerS<_fO_,_,_oLvlng._he equations. This should._pro_ide _n-int_reSti_'_,, _-

and/chal_ie_t;_i_i_'_!rb_'iem.._orc6mputer programming and it is hoped l.t_)_i_I .i, :

so,on b_ taken-up, T_e',{_tli_._i_e,_.ic,_ltreatment can ,,beCxt=.__eh in Sev_r_l ,_

di'_eCtl i Fi %_,;:"we,/n_veom _ed zrom consideration a"slab,,:r,eg-_On ,n_&r "i:
' , ,,:_'.4: ,'_ _.,;,"_", _ : --.,.'. ..... , _. ' .... ': ",,' ,:,:

,,,,. , / , , ,,'_ - ,,, ¢, ,- ,. _, _.
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the boundary separating..the scattering region° This 'region needs to be
i

investigated With the hopeof getting' more information about"the different

mO_eso SeCond_ the theory needs to be general&zed to oblique incidence,

"_ It appears that_he integrals .involved in 'oblique incidence'could be sol,ved-.'

analy.tical!y along the lines_of those treated here_ FinallY _ the compu_, i

ration of pbwer and energy appearg-to be a straightforward extension o_"

this. work, - _

, r,

e_

,, a,

il_ " 5, J

I I

e.

e,

g

/ -b
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Appendix I

We shall develop here a formula for converting a volume integral of

the form

f dve ik? P (cos 0) hn(kr) (AI)n
V

to a surface integral.

ik'z

The functions e and Pn(COS e) hn(kr) satisfy the Helmholtz wave

equations

(_72 ik'z+ k '2) e = 0

(V 2 + k2) Pn(COS e) hn(kr) = 0

everywhere except at the origin. If k' % k, we have

ik'z 1 ik'z X72 {Pn(CO s 0) hn(kr) _-fdv e _n(_O. O) hn(kr) - f [e
k,2_k2

V V
u

- -Pn(C°S 0) hn(kr)V2, eik'z] dv

• 1 f [e ik'z V{Pn(COS 0) h (kr)} " Pn(COS e) hn(kr.)veik'z] • dS
- k,2.k2 _ n -

i

(^2)
T

where the volume V is enclosed in the surface _ and dS is in the direction

of the outward normal°. We-have made use of Gree_'s theorem here° Let us -_

operate both sides of this equation by.the)operator

---- dk' [ ] _ A> 0
lira A . k- Lk/2

,, A-_0
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Since this operator involves only k' over a finite domain, we can inter-

change the k'-integral with the spatial integral and also the limit with

the spatial integral. This leads to the following equation I
E

fdvP (cose)hn(_)[nm ---ifdk,ei_'_]
n _

V A-_O A ,_A

• _ _ r_, e
= _fE{a--o_- - k,2_k2

A

|..
ik'z '-

- P (cos e) hn(kr)v{lim _ fdk' e } ] " dS
n A=->0 A " k, 2_k2

A I :

where integration over A implies the limits (k - 2ff2) to (k +_a/2). We I :

shall consider a general case here in which k, the propagation constant

an arbitrary medium (not necessarily free space)_ may be complex. The I
of

standard method Of integration in the theory of complex variables leads
I

us to the equation l

A-_O

Thus the operator merely reduces the left hand side o_ equation (A2) to

the form (AI) in which we _re interested°

On the right hand side we have I"

_lim 1 / e ik'z 1 lira 1 / eik'z e ik'z I
A A

1 li_ 1 elk_ i(k'-k)_ f i(k,+_) |-,2"_ A-_O -_- [ f e e-ikz e= k'-k dk' - , _ k'+k dk']
i

J A A
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The first term has a singularity in the path of integration. _'e, therefore,

: take the Cauchy principal value as follo'_s

[

k+ Z_/2 i(k,Lk)Zdk ' -6 ^ik"z ,, £_/2 ik"z

ilm 1 / e lim 1 ..lira{ f __+'dk J_ e dk"A-_0 --Zi k'-k = A-_0 --A [e-_O _"---Tr"---.]
• k- d2 -A e

lira 1 _ lira

lln(_-_) + iz(-_- -6) *'---- (£ --- ) += A-_o _ [e--o " 2.2: 4 "'"

+ In ) + iz - 6) + 2°---2-_- - 62) + ..o }]

= i z

The second term has no singularity in the path of integration _nd we have

lira 1 • f e i(k'+k)z lira 1 (_iz)_ 2_-->0 _ k'+k , dk' = A-_0-_- [ln(k'+k) +iz(k'+k) + 2.2: (k'

A A

llm 1 l+_/4k.

_-+0 -_- [in(__ _--4_) + i2kz(2 Z_/4k) + (i2kz)2 2= 2,21 { (i + _/4k)

- (I - Z_/4R) 2 } +..° ]

1 i2kz 1 (i2kz) 2 1 (i2kz) 3

= 2-_ + 2---_ + 2-k_ 2! + 2k 3! + "'°

1 i2kz
e

- 2k
.j

Put%ing all the terms together we ge%
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ik'z ik z 1 _ I'iim i /dr' e e [-iz- ] _._a.....o-_- k,=_'--_" = -_-V _ _,

This gives us the desired formula for convePtlng volume integral to surface I _i!

|'_integral as below

ikz pn (cos _,
V '" _._.

"0_ .4k

elkZ iz 1 } _a(cos g) It (kr)_{ ( 2-_ "_--_ ) ] " dS (A3) _:_,..- !" Pn n 4k :

i .L3

L .

_';_

|-
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Appendix II

We have made use of the relation

Pn(COS e) hn(kr) = (-i)n Pn(_ _) ho(kr) (A4)

to carry out some of the integrations involved in this investigation.

We g_ve below a proof by induction of this relation based on the work of

Balth van der Pol [19S6].

The relation is easily seen to hold for n = 0 and I since

ikr
e

P (cos e) = i _ ho(kr) - :,o ikr

ikr
e

Pl(COS O) = cos O _ hl(kr)_ - (kr + i)
, (_kr) 2 =

Let us assume that the relation is true for n and n-l. We shall show that it

is true for n+l_ i.eo_ that

Pn+l(COS e) hn+l(kr) (-i)TM (w_l 8= Pn Ð) ho(kr)

From the rec:_rrence relations (see Morse and Feshbach [1958])

•D n+l

8(kr'_--Vhn(kr) = hn-l(kr) -"_ hn (kr)

, 8 n(n+l)P_(cose) (cose)]
sin 8 "_"e n - 2n+l [Pn+l (cOs _)-" Pn-i

and 8 8 sin e 8

Z y r cos e , 0z = cos e 8r r 8e
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we derive the following relation

,I8 1

8(kz) Pn (c°s e) hn(kr) - 2n+l [nPn-l(c°s _))hn.!(kr)-(n+l)Pn+l(COS e)hn+l(kr)] . _

n _n+l 8

° " Pn+l (c°s Olhn+l(kr) = _[ Pn-I (c°s O)hn-l(kr) n+l _(.l-_z)Pn (c°s _))hn(kr)

/

, Since w_ have assumed the relation (A4) to be true for n and (n_l), this _'i
reduces to

Pn+l(COS e) hn+l(kr) = n 1 1 a• _-/f_[(-i)n- Pn_l(_5";)ho(kr)]- _ _,,
!.

_n+l 8 -n . 1 8 -'

n+l o(kz) [(-i) Pn(-[_ ._) ho(kr) ] ;i

;i

(.i)n-i n 1 8 2n+l 1 8 "(_k 8

iJ

Now we use the recurrence..,relation _ _._!!

2n+___!l n _,

n+l x Pn(X) "'n_ Pn-l(X) = Pn+l..:(x) , . _ _.iI

I- 8 = i_::
with x -.ik 8z ' Thls immediately reduces the' above equation to

|"

Pn+l(COS e) hn+l(kr) ( i)n+l 1 8 _:

Thus we see that (A4) is true for (n+l) if it is true for n and (n-l)o j
But we have already seen that it is true for n = 0 and 10 The proof by

inductl.on is, therefore, complete_ J
,i
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Appendix III

We consider here the "two-exterior" problem of scattering by a sphereo

ik_z
Let an incident field _ e excite a.sphere of radius a and electromagnetic

X m

• properties specified by ks, _s and 6sO The scattered field travels in the
/

medium speclfied_hy k_ _ and 6o Following Stratton [1943]# we write the

incident, scattered and transmitted fields in terms of spherical vector

waves as follows:

co

El(r) = _ in(2n+l) mlln(r_k_) n1
n=l n(n+l) [ -- i (r,k_) ]

-- - -eln -

eo

ES(r) = _C in (2n+l) As S° 3n(n+l) [ _n m ln(r,k) - i Bs.... In neln(r' k) ]
n=l

Et(r) = Z in(2n+l) A_ 1 (r_k) - i Bt
n=l n(n+l) [ n 2oln s _n 2 in(_r,k 1]

M _ _ S

b

The boundary conditions require continuity of electric and magnetic fields

on the surface of the sphere° These can be written as

, J

• [ir x--(Ei +_ -_Et)] = 0 (AS)
r=a

[_r × (Hi + Hs Ht)]..... - - = 0 (A6) .
r=a , F---

The vector wave functions can be written in terms of spherical coordinates

as follows

' 0Pl

_ COS ,n-oln
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^ n(n+l) Pnl(cos O)

+ ie[_ _r _e cos¢] r

i 8 In " i:-__" i¢[kr sin 8 Or { r Zn(kr)} P (cos-e) sin *]

Here z = Jn if the superscript is I and z = 11 if the superscript is 3. :_n -: n n

Equation (AS) leads to two equations when the above expressions are sub- _t:_
(,,.,

stituted in it and the orthogonality of Legendre polynomials is used. These

are _:.

Jn(kla) + As hn(ka) - A_ 0 (A7) _-_n n in(ks a) = 4.

" Bs B_1 ' _n n ,?'_"

k_ [k_aJn(k_a)]' +--_- [ka hn(ka) ]' - _ [ksa Jn(ksa)]' = 0 ._,_:ks "2;

(AS)

The magnetic field is derived .using the following standard relations:

= i""_-_ V X E ; VX m(r,k) = k n(r,k) :; V X _(r,k) = k',m(r,k)

and the expansions of vector spherical waves

" A 8Pnl(COS®)
ml_S(r_k) = -i (cos O) Zn(kr) ] _ Zn(kr) ]-eln _e[_ t, i¢[--_-V6---cos

^ n(n+l) (k<r)pl(cos _9)sin,_]

nllSn(r'k) = it[ kr Zn

-'_ 8Pln(Cos e)
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These expressions_ together with equation (A6), lead to

.--kYJn(k_ a) + Bs ,_kh (ka)- Bt __sk Jn(ks a) = 0 (Ag)
,_ ' _n _ n _n _S

As t
_! _n A_n
_ [k_a Jn(k2a)]' _.... [ka h (ka)]' [ksa Jn(ksa)]' -= 0 (AI0)n _s "

Solving equations (A7) - (AI0) we get

A_ _ _s Jn(Ns_)[N_ _ Jn(N_ _)']' - I_ Jn(1_F_)[NsI_Jn(Ns _)]'
_n = (All)

F_ _ h (_)[Ns(- Jn(Ns_)]' - i_s Jn(Ns_)[_ hn(_)]'

, - N2 Jn(Ns_)[N_ Jn(N_)]'
Bs = _._I_L_.I_SN_ Jn(N_)[Ns _ Jn(Ns _)]' _ s

N2 Jn(Ns_)[_ h (_)]' - _s hn(_[Ns _ Jn(Ns _)]'_n _N_ _ s n

(Al2)

At _s lahn(_)[NY _ Jn(N_ _)]''" I_Y Jn(N_ _)[_ hn(l_)]= -- (AI3)

_n _ _hn(_)[Ns _Jn(Ns _)] - _s Jn(Ns _)[_ hn(_)]' ,

Bt _sNs _N_ Jn(N_)[_. l.n(_)]' - p,_ hn(_)[N _ I_Jn(N_(_)],
- 2 " (AI4)

,_n _N_ _Ns Jn(Ns _)[_ hn (_)]'_ - _s hn(_)[Ns_ Jn(Ns _)]'

The notation used is defined by ,_

= N k

Now if we start with an incident field

ik_z
Hi(r) ^= i e

we can carry on the analysis exactly as above except that we now have the

:,elation :
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°o° o_4 |_++It is easily seen that if the expansion co+fficlents are C_n_ _n_ n+ n ::i

in this case_ then they will be given by equations similar to (AII)+(AI4) !!

except that the _'s are replao_._by _ 's. Thus we can write these coefficients I _,,

as follows : i_

Ii

|+
DS 'n

In ,+ In (_--,e) ; n I ;!
However _ since _

k 2 2 k 2 2 h_ 2 }

|, 1

we see that d

++ ,3
,r

Usin_ these relations_ the following relationship between coe:fficlents I !i_
is easily e_tabli_hed:

I
Ds _._I s -+ }

(A.t_) I _o

t ' l,J+,,t_s _ +
C_n = -..+_ B I +_s NI n , !

_n -: ++sNI n

h
t
P
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